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Approximt ions  a re  der ived  for  the  t ransfer  func t ion  fac tors  (poles ,  
zeros,  gain) of a la rge  h ighly  f lex ib le  l iqu id- fue led  boos t  vehic le .  
Various l eve l s  of approximtions are  evaluated and compared with exact 
f a c t o r s  f o r  a hypothetical eleven-degree-of-freedom vehicle (the MSFC 
Model Vehicle No. 2 ) .  Agreement within 1 t o  5 percent i s  achieved, 
depending on the  amount of coupling taken into account. 
The approximtions are developed t o  provide  phys ica l  ins ights  to  the  
basic dynamic cha rac t e r i s t i c s  of the  vehic le ,  to  a l low s impl i f ied  but  
meaningful  prel iminary synthesis  s tudies ,  and to  rapidly ident i fy  and 
eva lua te  the  e f fec ts  of  var ia t ion  in  vehic le  charac te r i s t ics .  The r e s u l t s  
explain or increase the understanding of previously observed coupling 
phenomena and provide ready means of assessing,  by inspec t ion  or  rela- 
tively simple computation, the consequences of change in  vehicle  char-  
a c t e r i s t i c s .  They a l s o  m y  be employed a t  the preliminary analysis and 
synthes is  leve l  to  provide  appropr ia te  vehic le  models without requiring 
l a rge  sca l e  d ig i t a l  or analog computer f a c i l i t i e s .  
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BEEION I 
This  repor t  p resents  the  resu l t s  of  a research study accomplished 
under hrshall Space Flight Center Contract N~s8-114l9 ,  "Control Study 
f o r  Reduced Bending Frequencies and Increased Coupling for Rigid and 
E l a s t i c  Modes." The cont rac t  covers  ana ly t ica l  s tud ies  of t he  con t ro l  
of large space boosters  for  which t h e  e las t ic  and f u e l  s l o s h  modes have 
f requencies  very  near  to  the  des i red  cont ro l  f requencies ,  and  for  which 
there  i s  a g rea t  dea l  of intermodal coupling. The basic  object ives  of 
t h i s  s tudy  are: 
0 The development  of a model of the vehicle  dynamics  which 
can provide the control  engineer  with the physical  insights  
i n t o  t h e  modal coupl ing and vehicle  character is t ics  which 
are necessary for  a so lu t ion  of t h i s  complex cont ro l  problem. 
8 The determination of  t he  limits of  conventional  control 
systems fo r  t h i s  gene ra l  c l a s s  o f  veh ic l e ,  and t o  provide 
guidelines for determining w h a t  degree of vehicle  dynamic 
complexity requires more advanced control techniques.  
0 The evaluation  of  advanced  control  concepts  for  solution 
of t h e  s t a b i l i t y  and control problems for the extreme cases 
i n  which conventional techniques are inadequate. 
The material conta ined  in  t h i s  repor t  deals only wi th  the f irst  
object ive.  A s  such, i t s  purpose i s  to  p rov ide  t h e  simplest  of vehicle  
dynamic models, cons is ten t  w i t h  maintaining physical  re la t ionships ,  t o  
maximize phys ica l  i n s igh t s  i n to  modal coupling and vehicle characteris- 
t i c s .  The result  should increase the control engineer 's  understanding 
of boost vehicle dynamics. In addition, the approximate models devel- 
oped can also be used to perform meaningful preliminary synthesis 
operations on a much s implif ied basis ,  and to  assist the  des igne r  i n  
determining effects of d e l i b e m t e  v a r i a t i o n s  i n  v e h i c l e  c h a r a c t e r i s t i c s  
or poss ib le  uncer ta in t ies  in  es t imkted  dynamic parameters. 
The t ransfer  func t ion  for  the  response  of  a dependent variable, X ,  
to  an  engine  def lec t ion  command, PC, m y  be expressed i n   t h e  form 
1 
I " . 
The basic  object ive of t h i s  r e p o r t  i s  t o  f i n d  s u i t a b l e  a p p r o x i m t i o n s  
f o r  t h e  denominator and numerator roots and lead coef f ic ien ts  of  a highly 
coupled vehicle. 
The numerical values used throughout t h i s  r e p o r t  are f o r  a hypothetical  
Large space booster-the Marshall Space Fl ight  Center  Model Vehicle No. 2, 
Fig.  1-at  th ree  f l i gh t  cond i t ions ,  l i f t -o f f  (LO), mximum dynamic pres- 
sure (Mx Q ) ,  and  burnout (BO). T h i s  vehicle  was del iberately  contr ived 
t o  have a g rea t  dea l  of intermodal coupling and to have bending mode and 
fuel slosh frequencies very near desired control frequencies.  For example, 
a t  l i f t - o f f  t h e  f i r s t  bending mode has a frequency of 2.6 rad/sec , and 
the re  a re  th ree  fue l  s lo sh  modes in  the  l r equency  band from 2.0 t o  
2.2 rad/sec .* I n  a l l ,  two rigid-body, four bending, and three slosh 
degrees of freedom plus the control actuation and compliance degrees of 
freedom are considered (because of the symmetry of the vehicle only 
motion in  the  p i t ch  p l ane  i s  considered,  but  the resul ts  apply equal ly  
w e l l  t o  t h e  yaw plane) .  
* 
A basic  problem encountered i n   t h i s  work was that of determining the 
degree of  accuracy required in  the approximtions.  For  convent ional  air-  
craf t  s tudies  an approximation i s  generally considered adequate i f  i t  
predic t s  t ransfer  func t ion  pole  and  zero  loca t ions  to  wi th in  10 percent.  
While t h i s  same cr i te r ion  should  be  va l id  for  most boost vehicle poles 
and zeros,  the slosh modes pose a spec ia l  problem.  These modes are 
represented by pairs  of  very closely spaced,  l ight ly  damped poles and 
zeros. Small percen tage  e r ro r s  i n  e i the r  po le  o r  ze ro  loca t ions  can  
mean the  d i f fe rence  between predic ted  c losed- loop  s tab i l i ty  and  ins tab i l i ty .  
Consequently it was dec ided  to  try t o  approximate the slosh modes t o  
*The burnout condition i s  taken as just  p r i o r  t o  thrust  decay.  
**A de t a i l ed  l i s t  of  the  per t inent  dynamic charac te r i s t ics  of  Model 
Vehicle No. 2 i s  g i v e n  i n  Appendix I. 
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3 
within 1 percent. Subsequent comparisons of approximte and exact pole- 
zero separations, as d e t a i l e d  i n  Part 4 of Appendix G, ind ica te  tha t  the  
e r rors  for  the  s losh  modes should be r e s t r i c t e d  t o  t h i s  o r d e r  of mgnitude. 
OROANIZATION OF THE RE1PORl 
The body of the report  contains  the final forms of the approximtions 
with brief discussions of their  accuracy and how they were obtained. The 
derivations and detailed comparison of exact and approximate values a r e  
relegated t o  the numerous appendices. O u r  objective here was to  a l low 
the casual reader to obtain an overview of t he  r e su l t s  from the  body of 
the report  without becoming bogged down with innumerable rmtrices and 
tab les  of numbers. 
For those who a re  in t e re s t ed  i n  applying the approximtions to  a 
booster configuration considerably different from the Model Vehicle No. 2, 
t he  de t a i l s  of the der ivat ions must  be understood. In this instance the 
reader must become a m r e  of the  va l id i ty  condi t ions  assoc ia ted  wi th  the  
approximtions, and should know  how and when the approximtions should be 
modified. We recommend t h a t  t h i s  i n d i v i d u a l  first read the body of t he  
report  and then the pertinent appendices. 
The coordinate system and equations of motion used herein are  discussed 
in  Sec t ion  11. Section I11 describes the general technique used to derive 
the approximtions as well  as the  approximt ions  for  the  t ransfer  func t ion  
denominator  (open-loop  poles  and  denominator  lead coe f f i c i en t ) .  Approxi- 
nations for the pitch angle and bending numerators are covered in Sec- 
t i o n  IV. These  numerators were selected because they consti tute the 
elements of the sensor numerators f o r  the  most common types of sensors- 
a t t i t u d e  and r a t e  gyros. Section V s m r i z e s  and reviews highlights of 
the approximtions and coupling effects. 
As  noted above, the appendices contain the derivations and detailed 
comparisons of exact and approximate solutions. Pertinent informtion 
on Model Vehicle No. 2 i s  also presented. 
4 
BECTION I1 
COORDINATE BYBTEM AND EQUATIONe OF mI0N 
The basic coordinate system used in t h i s  report  follows a nominal 
booster  t ra jectory.  The or igin of  the XYZ coordinates i s  located a t  the  
center  of gravi ty  of  the vehicle  as it moves a l o n g  t h i s  nominal t r a j ec -  
tory.  The X a x i s  i s  al igned w i t h  the nominal veloci ty  vector ,  VN (see 
Fig. 2 ) .  Displacements of an actual booster from the nominal trajectory, 
but  within the XZ plane, are given by X and Z. 
- 
It i s  shown i n  Appendix A that the equations of motion can be separated 
i n t o  trim and perturbation components. The trim equations define the 
relat ionships  among c e r t a i n  variables, such as ve loc i ty  and  f l igh t  pa th  
angle, f o r  a nominal t r a j ec to ry .  In  t h i s  report  a no-wind, grav i ty  turn  
nominal t r a j ec to ry  i s  used, but the method could also be appl ied  to  any  
other type of nominal t r a j ec to ry .  
The perturbation equations describe vehicle deviations about the 
nominal t r a j ec to ry .  These equations are commonly used i n  v e h i c l e  s t a b i l i t y  
and control  analyses  and are  of primary concern i n  t h i s  study. A s  shown 
i n  Appendix A,  the perturbation equations can be obtained by simply 
0 Assuming the XYZ coord ina tes   to  be i n e r t i a l  
0 Suppressing t h e  X degree of  reedom 
0 Omitting the grav i ty   force  
0 Adding a n  a r t i f i c i a l  g r a v i t y  f o r c e  which ac t s  a long  the 
negative X ax i s  w i th  a mgnitude @ = T-X, (T  = t o t a l  
vehic le  th rus t ,  X, = ax ia l  d rag )  
The approach indicated by these four  s teps  i s  used i n  Appendix B t o  
derive generalized perturbation equations of motion of a f lex ib le  boos te r  
including body bending modes, fue l  s losh ing  modes, a c t u a t o r  t o  gimbaled 
engine compliance, and actuator dynamics. The example veh ic l e  fo r  t h i s  
study (Ref. 1 1 )  has  three s losh and four bending modes. These, plus  
a c t u a t o r  t o  gimbaled engine compliance, a f i r s t -o rde r  ac tua to r  l ag ,  and 
5 
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Figure 2 .  Coordinate System 
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r 
t h e  rigid-body modes, provide the eleven degrees of freedom i n   t h e  complete. 
perturbation equations (see Fig.  3*) .  
The au thors  rea l ize  that several  other  der ivat ions of  booster  equat ions 
have been published. Each of  these  ear l ie r  works appears  to  contain 
simplifying assumptions regarding modal cross-coupling which were j u s t i -  
f i ed  fo r  t he i r  pa r t i cu la r  s i t ua t ions .  In  th i s  s tudy  w e  a r e  e spec ia l ly  
concerned  about model coupling.  Consequently, the derivation presented 
here r e t a ins  a l l  possible  terms consis tent  with a l i nea r  ana lys i s .  
One term shown i n  Fig. 3 deserves  par t icular  a t tent ion because of a 
controversy over i t s  inclusion. The element C i j ,  which cross-couples the 
bending modes, i s  given by 
The 
a f t  
t h e  
underlined term i s  
end of the booster 
bending modes. 
J 
due t o  t h e  l a t e ra l  t r ans l a t ion  and ro ta t ion  of the 
and t he  r e su l t an t  ax ia l  fo rce  (T-X,) caused by 
The bending displacements, Yi(x)qi, have been defined (Appendix B) 
t o  be perpendicular t o  the booster undeflected centerline,  o r  x a x i s ,  i n  
keeping w i t h  t he  t r ad i t i ona l  approach t o  v i b r a t i n g  beam analys is .  Under 
these condi t ions only forces  perpendicular  to  the  x a x i s  can contr ibute  
to  the  genera l ized  forces  for the bending modes. 
Now, i n  a c t u a l  f a c t ,  the bending of the vehicle does produce some 
motion  of an element i n  t h e  x d i rec t ion .  This  longi tudina l  t rans la t ion  
of the axial  forces  should produce an addi t ional  general ized force for  
the bending modes. This  longi tudinal  force was omitted here because 
there  appears  to  be no t r ac t ab le  method of evaluating it (except  for  
uniform rods). 
*Note that the v a r i a b l e  f o r  the first column of Fig. 3 i s  the veloci ty ,  
i, because the displacement, Z, does not appear in  the  equat ions  of motion. 
Numerical values of the matrix elements, as w e l l  as tmns fe r  func t ion  
poles ,  zeros ,  and lead coeff ic ients ,  for  Model Vehicle No. 2 are g i v e n  i n  
Appendix J. 
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The controversy then arises as t o  whether the l a t e r a l  term, which i s  
readi ly  evaluated, also should be excluded. O f  s ix  au tho r i t a t ive  docu- 
ments, th ree  (Refs. 1-3)  omit it i n  t h e  development of the bending equa- 
t ions and three (Refs. 4-6)  include it. Reference l i nd ica t e s  t ha t  t he  
longi tudinal  work i s  genera l ly  equal  to  or grea ter  than  the  l a t e ra l  
work-and  of opposi te  s ign-for  a slender uniform rod. The s t rongest  
argument for  omi t t ing  the  l a t e ra l  term i s  that it increases the bending 
mode frequencies ,  whereas  the actual  thrust  effects are t o  decrease the 
frequencies (Refs. 7, 8) .  
Since one of t h e  major object ives  of t h i s  s tudy  i s  t o  develop transfer 
function approximate expressions for a f lex ib le  vehic le  exhib i t ing  s t rong  
modal cross-coupling; and since the lateral term in  ques t ion  genera l ly  
increases the bending mode cross-coupling, inclusion of the la teml term 
throughout t h i s  s t u d y  was deemed both useful and conservative.  However, 
the presence of this term d id  mke  the  above t a sk  more d i f f i c u l t  by forc-  
ing  re ten t ion  of terms which otherwise would be negl igible .  The omission 
of the term would s implify cer ta in  of  the approximtions presented herein 
and, i f  anything, should increase their  accuracy. For the reader who 
p re fe r s  t o  exc lude  the  l a t e ra l  term, it i s  i d e n t i f i e d  i n  F i g .  3 and else- 
where throughout t h e  repor t  by underlining, as i n  Eq. 2. 
1 0  
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DENOMINATOR APPROXIMATION6 
Having establ ished the complete 11-by-11 m t r i x  f o r  t h e  p e r t u r b a t i o n  
equations of motion, the t a s k  i s  now t o  develop approximtions for  t rans-  
I"er function poles, zeros, and gains. The approximtions w i l l  be evalu- 
a ted  by comparison of the numerical  results w i t h  the exact values 
obtained from solutions of t h e  complete m t r i x .  
Approximations f o r  t h e  denominator roots of t h e  11-by-11 determinant 
(Fig. 3) are presented in  this  sect ion.  Approximtions for  the numerator  
roots w i l l  be d iscussed  in  t h e  next section. 
The denominator has 20 roots .  These roots  a re  cons idered  in  three  
groups-the three rigid-body roots, the 1 4  roots  from the three s losh 
and four bending modes, and the three roots from the  f i r s t -o rde r  ac tua to r  
l a g  and the actuator-nozzle compliance. But before discussing these 
approximtions,  the general  approach used in obtaining them w i l l  be 
out  l ined. 
A. GEIKEFlAL TECHNIQUE 
The geneml technique used in deriving both numerator and denominator 
approxinations can bes t  be described by a simple example.  Consider a two- 
degree-of-freedom system which has equations of motion of the form 
where 'ur << 9 
If the two na tu ra l  modes of t h i s  system are lightly coupled, then coupled 
na tu ra l  f r equenc ie s  my  be approximated by ' ~ 1  and 9. A be t te r  approxi -  
mation f o r   t h e  lower frequency mode m y  be obtained by including a " s t a t i c  
correction" for the  contr ibut ion of the higher frequency mode, i.e., the 
11  
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character is t ic  equat ion is  wr i t t en  
I s 2 + 4  b2 4 b1 I = O 
Since s - j q  i n  the  m o d e ,  Eq. 4 amounts t o  assuming 
.?' << 4 
The f irst  inequal i ty  i s  t r u e  by def in i t ion .  The other two inequalities 
do not  necessar i ly  fol low from the f irst ,  bu t  generally have been found 
t o  ho ld  fo r  t he  problem a t  hand. The f e w  exceptions that do occur w i l l  
be  noted  la te r .  
Likewise, the higher frequency mode m y  be  be t t e r  approx imted  by 
including a "dynamic correct ion ' '  for  the contr ibut ion of  the lower f re-  
quency m o d e .  This gives a charac te r i s t ic  equat ion  of 
or 
This i s  equ iva len t  t o  assuming 
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Once again the last two inequa l i t i e s  do not  necessar i ly  fol low from the  
f irst  one, but have been found t o  be va l id  in  gene ra l .  
The key t o  a p p l i c a t i o n  of t he  above approach is  "suf f ic ien t"  sepamt ion  
of t he  uncoupled  frequencies (9 and up). Unfortunately,  "sufficient" 
cannot be defined in  general  because the required separat ion s t rongly 
depends on the degree of coupling and the accuracy desired.  For the 
booster problem considered here the method has g iven  sa t i s f ac to ry  r e su l t s  
for frequency separations as smll as a f a c t o r  of  two. This i s  due, i n  
p a r t ,  t o  the fact  tha t  the  coupl ing  ac tua l ly  causes  re la t ive ly  smll 
frequency shifts.  Thus i f  coupling only changes a frequency by 5 percent,  
a 20 percent  e r ror  in  approximt ing  coupl ing  e f fec ts  s t i l l  gives a final 
resu l t  accu ra t e  to  0.5 x 0.2 = 1 percent.  
If the  uncoupled frequencies do not exhibit adequate separation, 
t h e  terms i n  the diagonal elements must be retained;  but  it may be possible 
to  e l imina te  some of the less important off-diagonal terms i f  the previ-  
ously noted inequalit ies regarding ais2 and b i  a r e  va l id .  
B. RIGID-BODY MODES 
For low dynamic pressure f l ight  condi t ions the r igid-body modes a r e  
adequately approximated by the 2-by-2 m t r i x  of t h e  rigid-body degrees cf 
freedom, i and 'p: 
For high dynamic pressure  f l igh t  condi t ions  it i s  necessary to add a 
s t a t i c  c o r r e c t i o n  f o r  the bending modes. This i s  equiva len t  to  cor rec t -  
ing the aerodynamic terms Na and &, fo r   veh ic l e   f l ex ing  under aerodynamic 
loads.  Inclusion of the  first bending contribution was considered suffi- 
c i e n t   f o r  Model Vehicle No. 2 i n   s p i t e  of the high degree of f l e x i b i l i t y  
involved. This  provided an approxination within 3 percent of the exact 
rigid-body modes-an order of magnitude improvement over the uncorrected 
approximations. 
The corrected der ivat ives  are given by 
where* 
Thus the approximate characterist ic equation for the rigid-body modes i s  
or  
+ 
Unless the vehicle has a small (pos i t ive  or  nega t ive)  s ta t ic  mrgin ,  
the following condition i s  satisfied: 
*The underlined term may be omitted, as discussed on page 10. 
and the three roots of Eq. 11 can be rapidly approximted by 
An add i t iona l   va l id i ty   cond i t ion   fo r   t he  above approxhmtions is that 
they should sat isfy the inequal i ty  
Furthermore, i f  & i s  pos i t ive  ( s ta t ica l ly  uns tab le  vehic le )  and s a t i s f i e s  
the  two real cp roots are approximated by 
C. B m H  AND -I240 MDDEB 
The derivat ion of  coupled approximtions for  the three slosh and 
f irst  bending modes of Model Vehicle No. 2 i s  a complex task because of 
the very smll  frequency separations among these four  modes. AS a f i rs t  
step in studying the coupling, some of t he  modal response ratios w i l l  be 
examined. 
If a single second-order characterist ic mode of the vehicle could be 
excited by i t s e l f ,   t h e n  - a l l the  dependent  variables would be damped sinu- 
soidal functions of time. The modal response  ra t ios  for  this mode a r e  a 
s e t  of complex  numbers (mgnitudes and phase angles).  The mgnitudes are 
the  r a t i o s  of the envelopes of the  s inusoida l  osc i l la t ions  for  any two 
var iables;  the angle  indicates  the relat ive phasing between the two var i -  
ables.  Thus, the  modal response rat ios  (MRR) ind ica te  the  re la t ive  amount 
of each var iable  which i s  present i n  each mode; t h i s ,  i n  t u rn ,  i nd ica t e s  
which coupling terms are the most s ign i f icant .  * 
Some of the MRR f o r  t h e  Max Q and BO conditions are l i s t e d   i n  Table I. 
Examination of the table  provides  c lues  as t o  which modes are not so 
strongly coupled. The r e s u l t s  a l s o  show that t h e  l a b e l s  " i t h  bending mode" 
or  " j th  s losh  mode" a r e  somewhat misleading** as each mode has s igni f icant  
contributions from seve ra l  va r i ab le s .  In  f ac t ,  fo r  t he  Max Q condition 
the  " f i r s t "  s lo sh  mode has more motion of t he  second slosh mss than the 
f irst  slosh mss; the "second" slosh mode has more motion of the  f i rs t  
slosh mss than the second. 
The most s ign i f icant  conclus ions  to  be drawn from the  MRR of Table I 
a r e  that there  i s  extreme coupling among the slosh masses, strong coupling 
between the  s lo sh  msses  and the bending degrees of freedom, but weak 
coupling among the bending degrees of freedom. The mechanisms  which 
produce these couplings are discussed next.  
*The reader i s  caut ioned to  dis t inguish between the  terms "slosh mode," 
"slosh mss, " and "slosh frequency. I' Each s losh mode is  comprised of con- 
t r ibu t ions  from & the degrees of freedom and, hence, i s  a coupled 
phenomenon.  The motions of the slosh msses are dominant i n  the  s lo sh  
modes, however the rigid-body and bending contributions m y  be important. 
The slosh modes were numbered in  the  o rde r  of increasing frequency 
before the MRR were computed. 
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TABLE I 
MODAL RESPONSE RATIOS 
(a) MU Q 
MODAL 
MODE 
(ra,d/sec) 
FREQ. 
Firs t  s losh 
Third slosh 
3 047 Second slosh 
2 750 
12.89 Fourth bending 
9 * 944 Third bending 
6.022 Second bending 
2.234 F i r s t  bending 
3.1 31 
0.308' 
2.34' 
0.1 38+ 
0.129' 
0.0908~ 
1.16' 
6.07- 
0.00066* 
0.0785- 
0.00743- 
0.00258- 
0.00976 
0.0405- 
0.127- 
34 9- 
21.8- 
4.87- 
I .26+ 
4 . 3 6  
36.8- 
73.6' 
F i r s t  s losh  * 
7.41  9 Second bending 
3 9 409 F i r s t  bending 
4.951 Third slosh 
4.027 Second slosh 
3.680 
38 3' 
13.4- 
0 955- 
0.0408- 
2.14' 
39.7' 
1 O F  
( b ) Burnout 
1597- 
5.21- 5 72- 
+ 
10.1 
2.52' 
1 *99+ 7-54' 
2.10' 
4 . 2 6  1.74- 
23.2- 
5.33- 
5-19' 
3 49+ 
31 *9- 
1.31- 
I 87' 
0 .156  
0.045- 
8.26' 
0.148- 
1 -57' 
0.984- 
0.0126 t 
0.231- 
0.071- 
5.24' 
9.99' 
8.60- 
0.498- 
0.0276' 
0.0240' 
0.0202- 
0.545- 
56.5' 
69.1- 
0.0275- 
0.00753' 
0.001 93' 
0.00434- 
0.00551- 
4.41- 
1 1 0- 
0.1 18- 
0 .146  
I 
0.998- 
0.0659- 
2.73' 
+ Phase i s  approximtely zero Phase not  determined 
Phase i s  approximtely 1 80° +Phase equals 106' 
* 
- 
The spring mss analogy f o r   f u e l   s l o s h  w i l l  be used t o   v i s u a l i z e   t h e  
nature of the coupled sloshing and first bending modes. Figure 4 repre- 
sen ts  the  four  types  of motion involved. The MRR, 1 z s i / q  I , of the first 
s losh mode f o r  m x  Q indicate  an osci l la t ion of  type "A" shown in Fig.  4-a .* 
The forces introduced by the upper and lower slosh msses tend t o  balance 
those of t he  middle slosh mss so there  i s  r e l a t i v e l y  l i t t l e  motion of 
t h e   m i n  mss, &; the coupled frequency should be very near the uncoupled 
frequency of t h e  first or second slosh mss ( the  ac tua l  d i f fe rence  i s  l e s s  
than 1 percent) .  
I n  the  second slosh mode the three s losh masses vibrate  together  and 
are opposed by the motion of the nain mss (see l3g.  4b). The motion of 
t h e   m i n  mass increases the frequency above that of the uncoupled value. 
The t h i r d  s losh  mode i s  p r i m r i l y   t h e  first and th i rd  s lo sh  msses 
vibratinR in opposit ion,  the coupling arising through the first bending 
mode (see Fig.  kc).  For the upper and lower masses, the bending and 
slosh motions oppose each other,  i . e . ,  the bending tends t o  reduce the 
motion of t he  s lo sh  msses  r e l a t ive  to  ine r t i a l  space .  Th i s  shou ld  
increase the frequency of t h i s  s lo sh  mode and it actually does.  
The first bending mode i s  similar t o  t h e  t h i r d  s losh mode, except that 
the phasing of the s losh and  bending  motions i s  reversed (Fig. 4d). This 
should decrease the frequency of the  first bending mode and it does. 
Note that the slosh-bending cross-coupling illustrated by  modes "C" 
and "D" increases the frequency separation between those two modes. 
The s i tua t ion  a t  burnout is  somewhat different because there i s  a 
moderate separation of the uncoupled frequency of t he  th i rd  slosh mss 
from that f o r  t h e  first o r  second slosh mss. The third slosh mass is  
also an order  of mgnitude larger than the other two. From Table Ib we 
see that, i n  the f i rs t  s losh mode, the first and second masses are vibrat-  
ing  in  oppos i t ion  (mode "A"). I n  t he  second they are v i b r a t i n g  i n  unison, 
* In Figure 4 t h e   m i n  mass, %, represents  the  en t i re  boos te r  less 
s losh masses. 
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(a) Mode A (b) Mode B 
Note:  Motion of second s/osh 
mass in modes C and D 
is re/ative/y smo// 
( c )  Mode C 
Figure 4. Spring k s s  Model for Three Slosh and First Bending Modes 
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p r e s m b l y  a g a i n s t  t h e  m i n  mass of  the vehicle  (mode "B"). The third.  
mode i s  pr imar i ly  an  osc i l la t ion  of t he  th i rd  s lo sh  mass. 
Although numerical values of t he  MRR were not  calculated of l i f t - o f f ,  
ce r t a in  cha rac t e r i s t i c s  of the  s losh  modes can be estimated. Because the 
uncoupled slosh frequencies are a l l  i den t i ca l ,  one would expect  to  have a 
coupled mode a t  that frequency (the second slosh mode frequency i s  within 
0.2 percent of the uncoupled value). In this mode the upper and lower 
masses oppose the  middle mss (mode "A") and there should be l i t t l e  motion 
of the vehicle.  
We would a l so  p red ic t  a higher frequency mode i n  which the  three  s losh  
masses v ibra te  toge ther  aga ins t  the  min  mass (mode "B").  This should 
correspond t o  t h e  t h i r d  s l o s h  mode s ince it i s  the only slosh mode that 
increases in frequency. The remining  slosh modes are probably the upper 
two opposing the lower slosh mass with coupling through the f irst  bending 
mode.* Since the uncoupled slosh frequency i s  less than the uncoupled 
f i rs t  bending mode frequency, w e  would expect the coupling to reduce the 
slosh frequency (mode 'ID") and increase the bending frequency (mode " C " ) .  
This  resul t  i s  shown i n  Appendix D. 
Having learned something of t he  cha rac t e r i s t i c s  of the s losh modes, 
we will now develop an approximate model to  accurately predict  the coupled 
frequencies. The s losh modes couple  ind i rec t ly  through the  f in i te  iner t ia  
of the vehicle  and direct ly  through the f i rs t  bending mode; therefore  as 
a f i rs t  approximtion we use the three slosh and the first bending modes 
with a dynamic correct ion for  the r igid-body modes. A s  shown i n  Appendix D 
the  resu l tan t  charac te r i s t ic  equat ion  can  be wr i t ten :  
~ 
*The lower node of t he  first bending mode i s  approximately midway 
between t h e  first and second s losh msses  for  this  f l ight  condi t ion.  
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r- 
-M, a s2 
1 12 
-M a s 2 s1 1 3  
where 
-M a s 2 s2 12 a s2 3 13 
-M, a s2 3 23 y1 (XS2) s2 
= 0 (18) 
The a i j ' s  are coupling parameters, which r e s u l t  from the rigid-body 
dynamic cor rec t ion ,  and  are  in  some aspec ts  similar t o  s t r u c t u r a l  i n f l u -  
ence coe f f i c i en t s .  If a un i t  fo rce  i s  a p p l i e d  t o  a r i g i d  body a t  a poin t  
lsi from the c.g., t h e  l i nea r  acce le ra t ion  a t  a point  ls from the c.g.  
i s  given by a i j .  The a i j ' s ,  l i k e  inf luence  coef f ic ien ts ,  a re  syrmnetri- 
ca l ,  i . e . ,  
j 
"i j  = "j i .  
The center-of-percussion concept plays a key role  here .  If one s losh 
mass i s  located a t  the center of percussion with respect to the location 
of a second s losh  mss (lsilsj = - I /M) , then the  cross-coupling between 
these two msses i s  zero (a i j  = 0 ) .  The greater  the separat ion between 
the  s losh  mass and the center of percussion, the greater the coupling. 
The errors obtained with the approximation of Eq.  18 are tabulated 
i n  Table D - I .  The wors t  e r ror  i s  only 3.6 percent  ( the f irst  bending 
mode frequency a t  LO), bu t  i n  s eve ra l  i n s t ances  the  s lo sh  e r ro r s  are 
greater  than 1 percent.  A s  noted  in  the  " In t roduct ion ,"  these  e r rors  may 
be unacceptable i f  pole-zero  sequence i s  of prime importance.  In this 
event,  the following refinements must be included. 
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It can be determined from the m o d a l  response coefficients and the 
mgnitudes of the terms in  the equat ions of motion t h a t  a cor rec t ion  for  
s t a t i c  e f f e c t s  of the higher bending modes should be added t o  Eq. 18. 
Consequently a s t a t i c   c o r r e c t i o n   f o r   t h e  second bending mode was included. 
This  gave sat isfactory resul ts  with two expections-first  bending mode 
a t  M and third s losh m o d e  a t  BO. Adding a s t a t i c  c o r r e c t i o n  f o r  t h e  
t h i r d  bending mode gave good r e s u l t s  f o r  t h e  Lo case. The problem with 
the  th i rd  s losh  mode a t  BO w i l l  be  t r ea t ed  in  the  last port ion of t h i s  
sect ion.  
With a s t a t i c  co r rec t ion  fo r  t he  second and third bending modes, the 
character is t ic  equat ion can be wri t ten as: 
s4 
”””” 
Msl ‘3 (xs l )  
2 
Ms2Y3 (xs2) 
2 
A 
M3m3 
2 
where* 
I 0 0 
I 0 0 
0 0 
I 
3 - t’” - 
c23 -
-2 
m2 
1 
= o  
*The underlined term m y  be omitted, as discussed on page 10- 
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Equation 20 i s  e a s i l y  reduced* t o  a 4-by-4 determinant which i s  iden t i ca l  
t o  Eq. 18 except  for  the last  row ( the  f irst  bending mode equation).  The 
reduced 4-by-4 determinant then contains static corrections to the first 
bending mode equation for t he  second and t h i r d  bending modes. 
Let us now consider the higher (second, third, and fourth) bending 
modes. Appendix D shows that the diagonal terms in the equations of 
motion always underestimate the higher bending mode frequencies with errors 
as large as 6.5 percent.  From the  MRR and the equations of motion w e  f ind  
that t h i s  i s  primarily due to  an  iner t ia l  coupl ing  wi th  the  s losh  masses. 
Therefore a dynamic correction should be applied to each higher bending 
mode for the slosh masses. This gives the approximtion: 
S 2 0 
0 S2 
0 0 = 0 (22) 
which reduces to  the fol lowing character is t ic  equat ion for  the i t h  bending 
mode : 
Physically,  Eq. 23 amounts t o  removing the s losh msses from the i t h  mode 
generalized mass. That i s ,  the uncoupled solution treats the bending mode 
*Equation 20 i s  first reduced t o  a 5-by-5 by multiplying the last row 
by “13 and y b t r a c t i n g  it from the four th  row, then multiplying the last 
row by c2 /UQ and subtract ing it from the  f i f t h  row. A similar operation 
on the fi 2 t h  row of t h e  reduced matrix w i l l  lower it t o  a 4-by-4. To 
correct only for the second bending mode, one simply starts with the 
f irst  f i v e  rows and columns of Eq. 20. 
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frequency as i f  the slosh masses were r ig id ly  a t tached  to  the  vehic le  so 
that they followed the bending motions exactly ( z s j  = 0 ) .  But i n  t h e  
actual case,  the higher bending mode frequencies are greater  than the s losh  
frequencies so  the  slosh masses tend  to  rennin  fixed i n   i n e r t i a l  space 
[zs -Yi(xs j)7i]  . Equation  23 i s  equivalent  to  completely  disconnecting 
the s losh masses from the vehicle and should therefore give good r e s u l t s  
as long as the s losh frequencies  are  substant ia l ly  less  than the bending 
frequencies.  
The actual  errors  obtained from using Eq. 23 are l i s t e d   i n  Appendix D.  
Except f o r  t h e  second bending mode a t  BO, the  f requency errors  are  a l l  l e s s  
than 2 percent.  The relat ively poor  accuracy for  the second bending mode 
a t  BO i s  not  rea l ly  surpr i s ing  s ince  i t s  frequency i s  only 50 percent 
greater  than that of  the third s losh mode, which a l s o  has a s igni f icant  
e r r o r  as noted  ear l ie r .  The coupling of these two modes i s  discussed next. 
From the MRR of Table I b  we see that a t  BO both the f irst  and second 
bending modes have considerable coupling w i t h  t he  th i rd  s lo sh  mode. To 
approximte  th i s  e f fec t  the  charac te r i s t ic  equat ion  need only contain 
rigid-body, third slosh mass, plus  f irst  and  second  bending. The first 
and second s losh masses are a f a c t o r  of  t en  less than the third and a r e  
neglected. The resul tant  character is t ic  equat ion can be wri t ten:  
0 
1 
4 3  
0 
0 
MS 
"2 s2 M .  
MS31S3 s2 
I 
s 2 + 25, us s + w  2 
3 3  
0 
0 
y1 (XS3)S  
2 
c2 1 
0 
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This can be reduced t o  
I 
+ 2CS os s + o s  2 
3 3  3 
M2 
The charac te r i s t ic  roots  ob ta ined  from Eq.  25 are l i s t e d   i n  Appendix D. 
The above equations considerably improve approximt ion  of the t h i r d  
slosh and second bending modes, w i t h  e r r o r s  reduced t o  0.7 and 1.4 per- 
cent ,  respect ively.  The frequency approximtion for  the f irst  bending 
mode has a la rge ,  5.8 percent ,  e r ror  bu t  a good approx imt ion  fo r  it was 
found previously.  This  e r r o r  i s  apparent ly  due to  neg lec t ing  the  f irst  
and second slosh masses. The addi t ion  of these  two should give an 
accu ra t e ,  a lbe i t  complex, approx imt ion  fo r  a l l  f i v e  modes simultaneously. 
Let us now b r i e f l y  review t h e  r e s u l t s  of the slosh and bending mode 
approximtions derived above. For slosh and f i r s t  bending modes the 
4-by-4 determinant (Eq. 18) provides  gross  correct ions (error  less than 
3.6 pe rcen t )  fo r  d i r ec t  slosh-bending ine r t i a l  coup l ing  and i n d i r e c t  
siosh-slosh inertial  coupling through the rigid-body modes.  The accurate  
( e r ro r  less t h a n  o r  e q u a l  t o  1 percent) determination of coupled slosh 
and f irst  bending mode frequencies  a t  LO and &x Q requi res  the  addi t ion  
of s t a t i c  c o r r e c t i o n s  f o r  t h e  second bending mode (at LO a s t a t i c  correc- 
t i on  fo r  t he  th i rd  bend ing  mode must a l s o  be included) .  The BO condition 
i s  somewhat more complicated because of the proximity of the third slosh 
and second bending mode frequencies.  The e r ro r  fo r  t he  th i rd  s lo sh  can  
be reduced t o  0.7 percent  by consider ing the third slosh mss p lus  the  
first and second bending modes (Eq. 23); this a l so  g ives  the  second 
bending mode  frequency within 1 .4 percent   error .  
The second, th i rd ,  and fourth (or thi rd and fourth a t  BO) bending 
mode  frequencies can be accumtely approximted by simply including the 
complete diagonal term (self-couplings) and applying a dynamic correction 
f o r  t he  s losh msses. 
D. ACTUATOR MODES 
The f i r s t - o r d e r   l a g  due t o  the ac tua to r  and the second-order mode 
due to the actuator-nozzle compliance are considered next. Two of the  
three approximations for these modes de r ived  in  Appendix E are  presented 
here. The simplest one gives l i t e r a l  expressions for  the three modes, 
i . e . ,  
where A i s  e f f ec t ive   ac tua to r   a r ea  
KO i s  effect ive hydmulic  spr ing constant  
K, i s  ac tua tor  open-loop gain 
K3 i s  valve pressure feedback gain 
KL i s  effective spring constant of actuator-nozzle compliance 
(E i s  uncoupled damping r a t i o  of actuator-nozzle compliance 
CLQ i s  uncoupled natural  frequency of a c t u a t o r n o z z l e  compliance 
The mximum e r r o r   i n   t h e   f i r s t - o r d e r   l a g  i s  3.6 percent and i s  10.3 per- 
cent f o r  the second-order frequency. This level of accuracy i s  adequate 
f o r  most design purposes i f  there is  wide frequency separation between 
the compliance and bending modes. 
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A more more accurate  approximtion was de r ived   p r imr i ly   t o   r educe  
the adverse effect  t h e  above e r ro r s  have on the  approximt ion  for  the  
denominator lead coefficient, An. This  approximtion consis ts  of the  
lower r i g h t  2-by-2 s u b m t r i c  of Fig. 3 with dynamic corrections for the  
rigid-body and bending modes, i . e . ,  
2 
"UE 
The appl ica t ion  of Eq. 29 reduces the maximum ac tua tor  and compliance 
approximation errors  to  2 .7  percent  for  pa and 1.7 percent  for  %. 
E. LEAD C O E F F I C m ,  AA 
The lead coeff ic ient  f o r  the denominator, coefficient of s20, can be 
approximated by simply multiplying the lead coefficients from the approxi- 
m t i o n s  f o r  the  var ious  roots ,   i .e . ,  * 
An [Lead coef f ic ien t  of 3 s losh  + v1 character is t ic   equat ion (Eq. 2 0 ) ]  
* Lead coef f ic ien t  from rigid-body modes i s  uni ty .  
The comparison of exact and approximte values  i s  given below.* The 
nrtximum e r r o r  of 2.8 percent i s  cer ta in ly  acceptab le .  
Lif t -Of  f Max Q Burnout 
Aa (exact)  ...................... 46.51 35 -51 38 75 
An (approxhmtion) .............. 46.57 36 *49 39 71 
P e r c e n t  e r r o r . . . . . . . . . . . . . . . . . . .  N.1 +2.8 +2.2 
* The u n i t s  of AA are (meters)2. 
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The previous sect ion deal t  with the approx"t ions for  the t ransfer  
function denominator. This section presents the approxkmtions for the 
numerators f o r  some of the motion variables. Complete approxinations 
are presented  for  the  rp and vi numerators as these  var iab les  a re  the  only  
ones which a f f e c t  t h e  motion sensed by a pos i t i on  o r  rate gyro. An 
acceleromet,er or angle of attack vane i s  a l s o  s e n s i t i v e  t o  Z.  Since 
t h e s e  s e n s o r s  a r e  n o m l l y  u s e d  i n  low bandwidth load relief loops, only 
the  approximt ions  for  the  low frequency (rigid-body) zeros of the 
numerator are presented. Approximations for the higher frequency zeros 
could be developed by applying the same techniques used for t he  cp numeratvr 
The discussion of numerator approxinations w i l l  proceed in a mnner 
similar t o  that used for the denominator. The tail-wags-dog zeros are 
considered f irst ,  then the rigid-body zeros, the slosh and bending zeros, 
and finally the numerator lead coefficients.  This discussion sequence i s  
shown in the fol lowing f low chart .  
Numerator 
approximations 
1 
1 1 
AJ 3 CJ DJ EJ 
Tail-wags- 
dog zeros 
Rigid-body  Sl sh 8c 1 st Higher Lead 
zeros  bend.  zeros  bend.  zeros  coefficients 
I 
I"""+""" 
Before  delving  into  the  numerator  approximations,  let  us  briefly 
review  the  forms  the  numerators  will  take. For the  example  vehicle all 
numerators  (except Z) will be  of  seventeenth-order.  Identifying  the 
zeros  with  the  poles  they  must  closely  resemble  and  adding  the  tail-wags- 
dog  effect,  the I7 zeros are: 
Tail-wags-dog ...................... 2 
Rigid-body ......................... 3 
Three  second-order  slosh . . . . . . . . . . .  6 
Four  second-order  bending . . . . . . . . . .  8 
I 9  
Less second-order  for  particular 
numerator  variable . . . . . . . . . . . . . . .  -2 
1 7  
" 
 
Two zeros  are  subtracted  because  the cp numerator  does  not  contain cp zeros, 
the 7, numerator  does  not  contain T)., zeros,  etc. In each  numerator  the 
missing  zeros zre replaced  by  the  tail-wags-dog  pair.  Thus  the  transfer 
function  for cp, zsj, or vi is  composed of tail-wags-dog  zeros  divided  by 
the  second-order  mode  (poles)  in  which  the  variable is dominant;  one 
first-order  and  seven  second-order  nearly  canceling  pole-zero  combina- 
tions;  plus  the  three  poles  from  the  actuator  lag  and  actuator-rlozzle 
compliance. For example,  the 'p/& transfer  function at &x Q is: 
Bc 35.51 ( s  - 0.2786)(s + 0.94) . -  
" 
_ _  .
v " 
~ s F n  Tail-vags-dog  zeros and 9 mode poles Z mode 
62 + 2(0.00402)(2.750)6 + (2.770)2  s2 + 2(0.00$28)(2.764)~ + (2.764)2 x 62 + 2(0.00646)(3.081)~ + (3.081)2 
x 62 + 2(O.Cd+9)(2.750)6 + (2.750)2 x s2 + 2(0.00571)(3.&7)s + (3.&7)2 s2 + 2(0.00870)(3.131)s + (3.13>2 
v v - mrst slosh mode Second slosh mode Thin?  s l i s h  mode 
62 + 2(0.0220)(2.142)s + (2.142)2 x s2 + 2(0.00696)(5.783)8 + (5.783)2 
x 62 + 2(0.0141)(2.2j4)6 + (2.234412 s2 + 2(0.0083)(6.022)s + (6.022)2 
v 
mrst bend- mode Second-&&ng  mo e 
62 + 2 0.0082 . 6 + . 2 s2 + 2(0.00624)(12.98)6 + (12.98)2 
x 62 + 2[0.0071~~[z.7$~s + x 62 + 2(0.00639)(12.89)s + (12.89)2 
"
1 x- 1 
6 + 14.52 x 62 + 2(0.0986)(47.53)s + (47.53)2 
v 
Actuator lag Acttmtox-nozzle compliance 
"--\ 
I 
The i numerator i s  eighteenth-order because the  f i r s t - o r d e r  Z mode 
(gravity turn) term i s  replaced by the second-order tail-wags-dog zeros. 
It i s  t o  be noted that the 11-by-I1 matrix of Fig. 3 can be reduced 
t o  a 9-by-9 rnatrix in obtaining the rigid-body, slosh,  or bending mode 
numerators. . T h a t  is, the  pc column i s  zero except for the last row, 
while the f3a column i s  zero except for the  last  two rows; thus the numer- 
ator determinant for i, cp, zs ., and qi reduces t o  a 9-by-9 determinant 
multiplied by K I G .  The  same 9-by-9 would  be obtained i f  the last two 
rows p lus  the  pa and pc columns were eliminated and p considered to be 
the input.  Looking a t  it in  ano the r  way, the 9-by-9 i s  the  f i rs t  nine 
rows and columns of the complete m t r i x  w i t h  the negative of the p column 
subs t i tu ted  for  the  var iab le  of i n t e r e s t .  Throughout the reminder  of 
t h i s  s ec t ion  we w i l l  deal only w i t h  t h e  9-by-9 determinants. 
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A. TAIL-WAaB-DOC) ZERO8 
It i s  wel l  known that the ta i l -wags-dog effect  resul ts  from the 
ine r t i a l  r eac t ion  fo rces  due to swiveling the control engines.  These 
iner t ia l  reac t ion  te rms  appear  in  the  s2 coef f ic ien ts  of the  p column. 
We therefore  approximte the TWD zeros by t a k i n g  the appropriate term 
from the  p column, i . e . ,  for the  cp numerator, 
fo r  t he  vi numerator, - 
and 
(TwD 1 0 (34) 
These approxinations are except ional ly  accurate  in  the cp and v i  numer- 
a t o r s  a t  a l l  three  f l igh t  condi t ions .  The frequency errors are l e s s  
than 0.3 percent  except  for  a 1 p e r c e n t   e r r o r   i n   t h e  v4 numerator a t  BO. 
I n  a l l  cases  the exact  damping r a t i o  i s  wi th in  the  narrow range 
-0.87 x 10 I sTwD 2 0.74 x 10 . -4  -4 
8 .  RIOD-BODY ZERO6 
1. i Numerator 
For the Z numerator, the rigid-body mode i s  represented by a p a i r  of 
zeros , zT1 and z AS shown i n  Appendix F, it i s  only  necessary  to  
include the i and cp equat ions with s ta t ic  correct ion terms f o r  t h e  f irst  
bending mode coupling. This gives a charac te r i s t ic  equat ion  of 
cp2 
1 
Note t h a t  i n  Eq. 35 only the th rus t  po r t ions  of t h e  s t a t i c  terms i n  t h e  
p column have been retained, and tha t  the p column and ql  row have been 
n o m l i z e d  t o  p r o v i d e  u n i t y  values i n  t h e  m i n  d i a g o n a l .  S i m i l a r  normal- 
i za t ion  w i l l  be employed throughout the remainder of t h i s  s e c t i o n  t o  a v o i d  
confusion in  the expressions for  the numerator  lead coeff ic ients .  
Equation 35 results in rigid-body approximations within 5 percent of 
exac t  va lues .  S ince  these  zeros  a re  re la t ive ly  wel l  separa ted  f rom any 
vehic le  poles ,  th i s  approximt ion  i s  considered adequate. 
2. cp Numerator 
The cp numerator has a f i r s t -order  r ig id-body zero  a t  very low frequency; 
the maximum va lue  fo r  Model Vehicle No. 2 i s  0.014 sec-I . This zero i s  
approximted within 2.5 percent by 
Rigid-Body  Zeros  (contd) 
3. qi Nunerators 
A t  LO the three r igid-body zeros  of  a l l  the  vi numerators are a t  the  
origin  because : 
0 The constant terms i n  t h e  Z column are zero 
a The constant terms i n  t h e  cp column are e q u a l  t o  + times the  s terms i n  t h e  Z column 
0 The s terms i n  the cp column are zero 
For t h e  ql  numerator a t  o the r  f l i gh t  cond i t ions  it i s  only necessary 
to  include the r igid-body equat ions and the s ta t ic  effects  of v , ,  i . e . ,  
N a  3 - N a  M1 
s + -  
W N  N N  
s - g - -  
M Mylo 
1 
= o  (37 )  
For the  12, v3, and 74 numerators a t  &x Q it i s  necessary to  add a 
s t a t i c  co r rec t ion  o f  t he  f irst  bending mode. This  gives t h e  character-  
i s t i c  e q u a t i o n  f o r  the rigid-body zeros: 
1 
where i = 2 ,  3 ,  4 
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Rigid-Body Zeros, lli Numerators  (contd) 
A t  BO t h e  s t a t i c  c o r r e c t i o n  f o r  t h e  f i rs t  bending mode i s  smll because 
the  Mv , NYi> i and N *  were  assumed zero  in  the  exac t  so lu t ion .  The m i n  v i  
source of coupling i s  the  th i rd  s lo sh  mass ( the  o ther  two a.re very smll) .  
Addition of t he  th i rd  s losh  mass stat ic  correction gives the characte: , ist , ic 
equation (note i n  this case that it was found t o  b e  i m p o r t a n t  t o  r e t a i n  t h e  
s and 1, s2 terms i n  t h e  s l o s h  
3 
where 
equation) : 
1 0 
Using Eqs. 37-39 as appl icable ,  the mximum er ror  in  the  r ig id-body zeros  
of the qi numerators i s  an acceptable  8 percent.  A complete tabulation of 
e r r o r s  i s  g i v e n  i n  Appendix F. 
C. SLOSH AND FIRST BENDmG ZEROS 
The s i tua t ion  fo r  t he  s lo sh  and  first bending zeros of the cp numerator 
i s  similar t o  t h a t  f o r  t h e  s l o s h  a n d  f irst  bending mode poles.  A s  shown 
i n  Appendix G, it i s  genera l ly  necessary  to  cons t ruc t  the  charac te r i s t ic  
equation from the slosh and f i rs t  bending equations with a dynamic correc- 
t i o n  f o r  i and a s ta t ic  cor rec t ion  for  the  second bending  mode.  The 
character is t ic  equat ion can then be wri t ten as Eq. 40. 
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w 
wl 
[, + %($ - 1)]s2 
[l + >(Z - ]j].2 
'1 ('61) " 0 
[1 + %(? - Y X6 ) S 2  
I (  3 0 
= o (40) 
where 
Slcsh and F i r s t  Bending Zeros, cp Numerator (contd) 
The most important difference between Eq. 40 and the denominator 
approximtion i s  the inclusion of  the gi  and M' terms. These  terms 
r e s u l t  from the bending inputs to the cp equation. They were not included 
i n   t h e  denominator approximtion because the diagonally opposite terms 
( the  rp contributions t o  t he  bending equations) were only smll aerodynamic 
terms. In the cp numerator the small aerodynamic terms are replaced by 
sizable ones from the g column. In  other  words, there  i s  l i t t l e  open- 
loop coupling between cp and the bending modes; but with a high gain cp loop 
closed, there i s  considerable coupling because of the appreciable  g inputs 
t o  the bending modes. 
V l  
The frequency errors from the approximte zeros of Eq. 40 are less 
than 1 percent ,  except  for  the third s losh zero a t  BO which i s  2.6 per- 
cent.  The problem here i s  the  same as for the denominator-the frequency 
of the third s losh zero i s  t o o  c l o s e  t o  t h a t  of the second bending zero. 
The  remedy i s  a l s o  t h e  same-use an approximtion which includes the third 
s l o s h ,  f i rs t  and second bending modes, and the dynamic e f f e c t s  of the rigid 
body. The resu l tan t   charac te r i s t ic   equa t ion  i s :  
= o  
A t  BO the  mximum frequency error f o r  Eq. 42 i s  0.2 percent.  
1 -  
Slosh and Firs t  Bending Zeros (contd) 
2. 7, Numenrtor 
The approximt ion  for  the  three  s losh  zeros  of the  vl  numerator i s  a 
3-by-3 character is t ic  equzt ion:  
+ 2ss1%1" + G1 
- a1 'Ibl"2 
In the denominator approximtions (Eq. 18 o r  20) the slosh coupling 
depended on a i j ,  which i s  proport ional  to the distance of one s losh mss 
from the center of percussion of a second slosh mass. In the above 7,  
numerator there i s  an addi t ional  term,  [I /M + (lSj+)/I] , which i s  pro- 
po r t iona l  t o  the  d i s t ance  o f  a s losh  mass from the center of percussion 
of the gimbaled engines. 
A s  shown i n  Appendix G, the zeros obtained from Eq. 43 a r e  q u i t e  
accu ra t e  fo r  a l l  f l igh t  condi t ions .  Only  one frequency i s  i n  e r r o r  by 
greater  than 1 percent and that i s  the  second slosh a t  M x  Q (1.3 percent ) .  
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Slosh and First  Bending Zeros (contd) 
3. Higher Bending Numerators 
The approx imt ion  fo r  t he  s lo sh  and first bending zeros of the higher 
bending  numerators (q2, T ~ ,  and 74) i s  quite  complicated. It is  necessary 
to  inc lude  a dynamic correct ion for rigid-body, three slosh, and two 
bending modes. The characterist ic equation can be reduced t o  a 4-by-4 
which can be wr i t t en  as: 
- 0 (44) 
where i = 2 ,  3, 4 
The accuracy of the zeros obtained from Eq. 44 i s  qui te  good. Out 
of 36 cases (four zeros x three numerators x t h ree  f l i gh t  cond i t ions )  
only three have e r rors  grea te r  than  1 percent, and a l l  these occur  in  
the  v4 numerator. O f  these  three ,  one i s  t h e  t h i r d  s l o s h  a t  BO (6  per- 
c e n t  e r r o r ) ;  t h i s  w i l l  be reduced t o  0.1 percent by using a t h i r d  slosh 
and first and second bending approximation to be given next. The other 
I -  
Slosh and Firs t  Bending Zeros, Higher Bending Numerators (contd) 
two e r r o r s  a r e  2.1 and 2.2 percent; no attempt to further reduce these 
w i l l  be mde because of the relative unimportance of the 74 numerator. 
A t  BO the  th i rd  s lo sh  p lus  f irst  and second bending zeros f o r   t h e  
Q+ numerator can be approximated by considering these modes with a 
dynamic co r rec t ion  fo r  t he  r ig id  body. The characterist ic equation can 
be  writ ten as:  
The three zeros given by Eq.  
D. HIOElER BEllDINo ZERO9 
1 .  cp Numerator 
0 
0 
45 have e r r o r s  of less  than  1 percent.  
The approximation for the higher bending (72, ll3, and 74) zeros 
of the cp numerator i s  similar t o  that used f o r  t he  denominator. Basically, 
a dynamic c o r r e c t i o n  f o r  t h e  s l o s h  m s s e s  i s  applied.  The cha rac t e r i s t i c  
equat ion for  t h e  qi zero i s  (see Appendix H fo r  t he  de r iva t ion ) :  
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Higher Bending Zeros, cp Numerator (contd) 
where i = 2, 3, 4 
Equation 46 amounts t o  co r rec t ing  bo th  the  i t h  mode generalized mss and 
s t i f f n e s s .  The zeros obtained from Eq. 46 a r e  q u i t e  good;  only two 
f requency  er rors  a re  grea te r  than  1 percent-q4 zero a t  &x Q (1.4 per- 
cent)  and q2 zero a t  BO (2.9 percent) .  The e r r o r  i n  t he  v2 zero a t  BO 
i s  reduced to  0 .2  percent  by us ing  the  th i rd  slosh mss plus  first and 
second bending approximtion of Eq. 42. 
2. 7, Numerstor 
The approx imt ion  fo r  t he  ql  numerator i s  similar t o  that above, i.e., 
where i = 2 ,  3, 4 
O f  the zeros obtained from Eq. 47, again only two have e r ro r s  g rea t e r  
than 1 percent- q4 zero a t  bkx Q (1.4 percent) and q2 zero a t  BO 
(1 .1  percent) The e r r o r  i n  t h e  v2 zero a t  BO i s  reduced t o  0.6 percent 
by us ing  the  th i rd  slosh plus f irst  and second bending approximtion 
given in  Appendix G, Eq. G - 3 ) .  
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Higher Bending Zeros (contd) 
3. Higher Bendig Numeratore 
The two higher bending zeros of the q2, q3, or 74 numerator can be 
approximated by generalizing Eq. 47. The vi zero of the  vk numerator i s  
approximated by: 
where i f k  
i, k = 2, 3, 4 
Equation 48 works very wel l  for  the q2 and 7 numerators, i n  which a l l  
the frequency errors  are  less  than 1 percent.  For the 74 numerator the 
v2 zero a t  BO has a 5.9 percent  error ,  but  t h i s  can be reduced t o  
0.3 percent by us ing  the  th i rd  s losh  p lus  f irst  and second bending 
approximation  of Eq. 43. The other zeros of the 74 numerator  have e r r o r s  
less  than 3 percent, and no attempt was m d e  t o  reduce these because of 
t he  r e l a t ive ly  low importance of the q4 numerator. 
3 
E. U A D  COEFFICIENTS 
The approximt ion  for  the  lead  coef f ic ien t  of the  cp numemtor, AT, 
w i l l  be discussed in some d e t a i l .  The approximations f o r  t h e  vi numer- 
a tors  a re  then  s t ra ight forward  var ia t ions .  
The cp numerator of the complete 11-by-11 m t r i x ,  as noted ear l ier ,  
i s  e q u a l  t o  K,u$ times the  9-by-9 determinant (the first nine rows and 
columns of the 11-by-11 with the negative of the p column subs t i tu ted  
f o r  t h e  cp column). The contr ibut ions of the 9-by-9 to  the  l ead  coe f f i -  
c i en t  w i l l  be approximated by multiplying the lead coefficients from 
each of the sub-trices used t o  approximte various zeros,  i .e.,  
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lead coefficient of 4-by-4 determinant used 
fo r  s lo sh  and f irst  bending zeros, Eq. 41 1 
Several  points about this approximtion may need c l a r i f i ca t ion .  
The C ( b f E 1 ~ l p  - IE)/I term i s  obtained direct ly  from the  f3 column. 
Since we are  consider ing the cp numerator we use the s2 coe f f i c i en t  i n  
the cp row of the  f3 column, i .e. , the diagonal term. 
A second point i s  that the contribution of the slosh and vi zeros 
must be the  lead  coef f ic ien t  of the  4-by-4 of Eq. 41 and not the 7-by-7 
of Eq. G-I . In  the 7-by-7 the f3 diagonal term i s  +/I, which has already 
been accounted f o r  i n  Eq. 49 i n  t h e  C(M$E+ - IE) /I term. Therefore, 
i f  Eq. G-I i s  t o  be used, the whole f3 column should be multiplied by 
I/$ t o  reduce the diagonal term t o  1 . In  wr i t ing  the  7-by-7 t h i s  was 
not done because it would  have been confusing to  the  r eade r .  It was 
accomplished, i n  e f f e c t ,  when the determinant was reduced t o  a 4-by-4. 
Likewise, i n  Eq.  G-I t h e  s t a t i c  c o r r e c t i o n  f o r  t h e  second bending mode 
should be written so  it does not  affect  the lead coeff ic ient .  
The final point  i s  tha t  t he  l ead  coe f f i c i en t  from the rigid-body modes 
i s  uni ty  and therefore  does not  appear  expl ic i t ly  in  Eq. 49. 
By similar developments w e  f i nd  that the  lead  coef f ic ien ts  of the  
bending numerators can be approximted by: 
lead coeff ic ient  of 3-by-3 determinant 
used for   s losh  zeros ,  Eq. 43 1 
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lead coefficient of 4-by-4 determinant used 
fo r  s lo sh  and f i rs t  bending zeros, Eq. 44 1 
The approximate and exact lead coefficients are surmnarized i n  Table 11. 
The approxinations are qui te  good, with only one e r ror  grea te r  than  
2 percent.  The 74 numerator coefficient has a 6 percent  error  a t  h x  Q, 
but considering t h e  r e l a t ive  unimportance of 74 t h i s  i s  e n t i r e l y  
sa t i s fac tory .  
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SUMMARY OF NUMERATOR LEAD COEFFICIENTS 
FLIGHT CONDITION 
L i f t  -Off NUMERATOR 
cp 
71 
72 
73 
74 
Max Q 
Approx. 
-I 064.4 
38 J g25 
38,486 
68,469 
12,593 
E x a c t  1 Approx. E r r o r  E x a c t  
-1 054. I 
38 J 546 
57,803 
68, 743 
1 1  ,884 
E r r o r  
" 
+ o n 9  
+1 .o 
+1 .2 
a . 4  
+6.0 
Error 
a . 8  m'/sec: +1 . I  
+I .6 a* 3 
+- +- 
a . 8  -0.2 
a . 4  -0.1 
-0.03 -1.5 
- 
Error = Approximte-Exact x Exact 
Approximate expressions for  the  t ransfer  func t ion  fac tors  of  a Large 
highly flexible boost vehicle have been derived. The resul t ing approxi-  
m t i o n s  have been evaluated and compared with exact  values  for  the 
hrshall Space Flight Center Model Vehicle No. 2. The approximations 
include the vehicle  t ransfer  funct ion poles  (or cha rac t e r i s t i c  roo t s ) ,  
numerator zeros f o r  motion quantities sensed by a t t i t u d e  or rate gyros, 
and lead (or  gain)  coeff ic ients .  The numerator  approximations  provide 
the  f irst  s tep in  determining approximte expressions for  gyro output  
transfer function numerators. 
The 
0 
0 
0 
approximt ions  have been developed t o :  
Provide the control system designer wi th  phys ica l  ins ights  
t o  the  bas i c  dynamic cha rac t e r i s t i c s  of the vehicle  
Assist the designer in performing simplified,  yet  meaning- 
ful ,  prel iminary synthesis  s tudies  
Assist the  des igner  in  eva lua t ing  the  e f fec ts  of de l ibe ra t e  
va r i a t ions ,  o r  poss ib l e  unce r t a in t i e s ,  i n  veh ic l e  dynamic 
cha rac t e r i s t i c s  
Accordingly, various levels of approximation have been presented and 
discussed for each of the dynamic modes.  The approxinate expressions 
indicate the coupling terms that must be included according t o  modes of 
interest ,  level  of  accuracy desired,  and f l ight  condi t ion.  The basic 
approach has been to  inc lude  a l l  cont r ibu t ing  fac tors  wi th in  the  immedi- 
a te  v ic in i ty  ( f requency)  of the mode o f  i n t e r e s t  p l u s  s t a t i c  o r  dynamic 
cor rec t ions  for  those  modes outside the region of i n t e r e s t .  The r e su l t -  
i ng  approx imt ions  fo r  Model Vehicle No. 2 a r e  of t he  form: 
0 Rigid-body  poles - Two degrees of freedom (attitude and 
t rans la t ion)  p lus  a s t a t i c  c o r r e c t i o n  f o r  t h e  first 
bending mode 
0 -~ Slosh  and first bending  poles - Four degrees of freedom* 
(displacements of the three slosh masses and the f irst  
-he cross-coupling among these  four  modes i s  unusual ly  la rge  for  
Model Vehicle No. 2 because they all l i e  i n  a very narrow frequency band. 
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bending deflection) plus dynamic cor rec t ions  for  the  r ig id-  
body modes and s ta t ic  correct ions for  higher  bending modes 
0 Higher bending poles - One degree of freedom ( i t h  bending 
mode def lec t ion)  p lus  dynamic correct ions for the  s losh  
modes 
0 Actuator and actuator-nozzle compliance poles - Two degrees 
of freedom (pos i t ions  of actuator output and nozzle) plus 
dynamic corrections for rigid-body, slosh, and bending modes 
The method of obtaining approximate zeros i s  comparably simple. 
For Model Vehicle No. 2 a t  three  f l igh t  condi t ions ,  the  approximte  
expressions have been shown t o  provide t ransfer  funct ion factors  which 
are  general ly  within 5 percent of exact  factors  obtained from the  com- 
p l e t e  1 1  -by-1 1 mtrix (containing a l l  coupling terms). Where appropri-  
a te ,  approximt ions  good t o  w i t h i n  1 pe rcen t  a l so  a re  p re sen ted  fo r  
s i t ua t ions  where greater accuracy my be desired,  e.g. ,  slosh mode poles 
and zeros. Similar accuracy should be obtained for other boost vehicles 
of the general  c lass  represented by the  MSFC Model Vehicle No. 2. For 
considerably different  vehicles  it m y  be necessary t o  modify the  
approximte  expressions  presented  here.  Nevertheless,  the same approach 
can be used and a thorough understanding of t h e   m a t e r i a l   i n   t h i s   r e p o r t  
w i l l  enable  the reader  to  make the appropriate changes. 
The following observations, made du r ing  th i s  s tudy ,  a r e  ind ica t ive  of 
the physical  insights  to  coupl ing effects  provided by the approximtions:  
Rigid-Body  Modes 
The primary effect  of v e h i c l e   f l e x i b i l i t y  i s  t o  a l te r  the  
aerodynamic cha rac t e r i s t i c s  of the vehicle .  The p r inc ipa l  
con t r ibu t ion  a r i s e s  from the  f irst  bending mode.  The next 
la rges t  cont r ibu t ion  comes from the third bending mode, 
but  i s  comparatively small. 
Bloeh and First Bending Modes 
1 .  For Model Vehicle No. 2, two s losh modes involve strong 
cross-coupling among a l l  three s losh msses; t h e  t h i r d  
slosh and f irst  bending modes involve strong coupling 
among two s losh msses and the first bending mode. 
2. Slosh msses couple  through the  f in i te  iner t ia  of the  
vehicle.  The degree of cross-coupling  depends on a 
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center-of.-percussion  concept:  cross-coupling  between 
s losh mss "a" and slosh mass"b" i s  p ropor t iona l  t o  the  
dis tance between mss "b" and the center  of percussion 
f o r  a force appl ied a t  the  loca t ion  of mss "a". 
3 .  The coupling between a s losh mss and a bending mode 
depends on t h e  r a t i o  of s losh mass to  genera l ized  bend- 
ing mode mss, the  mgni tude  of the bending mode shape 
a t  the  slosh mass locat ion,  and the separat ion between 
the uncoupled frequencies of the s losh mass and bending 
mode. 
4. Because  of the strong coupling among the  s lo sh  msses  
i n  t h i s  v e h i c l e ,  it i s  possible  t o  increase  the  damping 
of a l l  s losh  modes without  baff l ing a l l  t h e   f u e l  tanks. 
Thus it m y  be possible  to  take advantages of this  
coupl ing and,  through select ive locat ion of  baff les ,  to  
reduce the amount of baffl ing required.  
Hlgher Bending Modes 
1 .  The dynamic co r rec t ion  fo r  t he  s lo sh  masses  amounts t o  
removing the slosh msses from the generalized bending 
mode mass. The reduction in bending mode mss accounts 
for the comonly observed increase in the coupled 
frequency (e.g., Ref. 3 ) .  
2. This correction i s  required because the s losh msses  do 
not respond a t  the higher bending mode frequencies ana 
hence r emin  nea r ly  f ixed  in  ine r t i a l  space .  
In  addi t ion  to  phys ica l  unders tanding ,  the  approxdt ions  provide  
. ready means of assessing,  by inspection or relatively simple computation, 
the consequences of variations in vehicle dynamic cha rac t e r i s t i c s .  They 
a l s o  may be employed to  generate  vehicle  dynamic models appropriate  a t  
the preliminary analysis and synthesis level without requiring access to 
l a rge  sca l e  d ig i t a l  or analog computer f a c i l i t i e s .  
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The objec t ives  of  th i s  appendix  a re  to  
0 I l l u s t r a t e  t he  sepa ra t ion  of the  equations  of  motion 
into t r im and per turbat ion components 
0 Develop a simpler alternate approach for deriving 
the perturbation equations 
These goals can be obtained by considering a dynamically simple booster 
i n  which the  e f f ec t s  of engine mass, fue l  s losh ,  and body bending modes 
are  neglected.  
A s  shown in  F ig .  2 (page 6 ) ,  the vehicle perturbed posit ion w i t h  
respec t  to  iner t ia l  coord ina tes  i s  given by 
The angular  veloci ty  of the  XYZ coordinates i s  
Therefore  the l inear  veloci ty  and accelerat ion of the booster  are  
- 
= VNTx + XT, + iT, + 3i x (XT, + zTz) 
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Neglecting the e f f e c t s  of engine mss, t he  external forces  and moments 
on the vehicle can be wr i t ten  (see Fig. A-1 ) : 
Fx = +lg cos 8 - Nu? sin 'pl 
% = -lcpNUa, - $ 7 s i n  p1 CT 
Figure A - 1 .  External Forces on Simple Booster 
Combining Eqs .  A-4 t o  A-7  with the assumptions 
1 .  Vehicle mss and moment of i ne r t i a  a r e  cons t an t  
2. Angles cpl and p1 are sm11, i .e., smll angle 
approximtions for trigonometric functions can 
be used 
3. Product cpl 9 i s  negl igible  
the complete equations of motion can be written: 
T - x, - I@ COS e = M ( + N + X + h Z + 2 R i - R 2 X )  (A-8) 
An additional equation which re la tes  the  angle  of a t t ack ,  al, t o  t h e  
other  var iables  i s  a lso required.  The i n e r t i a l  v e l o c i t y  of the booster  
i s  given by Eq. A - 3 .  Allowing for a wind of ve loc i ty  vl , with components 
and W1 t he  veh ic l e  ve loc i ty  r e l a t ive  to  the  air  mass i s  given by 
w1 x z '  
(see Fig. A-2) : 
X 
Loca I 
Vert ical 
UP 
Vehicle 
Center I ine 
Figure A-2 .  Components of Angle of Attack 
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Thus the angle  of a t t a c k  i s  
(A-1 2) 
Neglect ing relat ively smll terms, using the smll angle  approximtion,  
and introducing the substi tution 
reduces Eq. A-12 t o  w1 - i 
9 = q +  
VN 
(A-1 4) 
The complete equations of motion can now be separated i n t o  trim and 
per turbat ion components by separat ing a 1  , p 1 ,  cp1, and w1 i n t o  nominal 
components (q, pN, cp~, and wN) and perturbation components (a ,  p, cp, 
and w ) .  
The r e su l t i ng  se t s  of equations are shown below. 
Trim Equation6 
T - G - M ~ C O S ~  = MirN (A-1 6) 
(A-1 7 )  
(A-I 8) 
1cpNa” + l@ - p = I(@ - h)  CT F 
a =  cp+- w - z  
VN 
The trim equations define motion during a "perfect" launch, i .e. ,  
f l ight  a long the nominal  t ra jectory.  Solut ion of t h e  trim equations 
f o r  some given BN and wN yields  the t ime his tor ies  of VN, 8 ,  R ,  RID, %, 
and cpr~. 
The perturbation equations describe vehicle motion w i t h  r e spec t  t o  
the XYZ coordinates.  Since the mximum values of R and h are on the  
order of 0.01 rad/sec and 0.0002 rad/sec2, respectively, these terms 
af fec t  the  very  low frequency motions of the vehicle wherein other slow 
variations,  such as vehicle mss and moment of i n e r t i a ,  must a l s o  be 
considered.  Consequently, f o r  the  study of vehic le  a t t i tude  cont ro l ,  
bending, and fue l  s lo sh  the  R and fl terms can be neglected. 
Addit ional  s implif icat ions resul t  i f  the nominal trajectory i s  
r e s t r i c t e d  t o  a no-wind, grav i ty  turn  t ra jec tory .  Then 
u N = p N = ' P N = W N =  0 (A-26) 
and a,  B ,  and cp become to t a l ,  phys i ca l ly  measurable quantities. Thus 
f o r  a nominal no-wind, gravi ty  turn t ra jectory the equat ions become: 
T - - - - " ~ o s ~  = M + ~  
g s i n  8 = ~ V N  
Perturbation  Eawtione 
x = o  
a =  cp +- w - i  
VN 
(A-27) 
(A-28) 
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where the  R and h terms have been omitted from the perturbation equations 
as discussed above. 
The perturbation equations could also be obtained by: 
1 .  Assuming t h e  XYZ coordinates t o  be i n e r t i a l  
2. Suppressing the X degree  of  freedom 
3 .  Omitting  the  gravity  force, Mg 
4. Adding a n  a r t i f i c i a l  g r a v i t y  f o r c e ,  %Mix, where 
I 
E = (T"X,)/M 
The approach indicated by these last fou r  s t eps  i s  used i n  Appendix B t o  
derive the equations of motion f o r  an e las t ic  boos te r  wi th  fue l  s losh .  
The above approach could be modified f o r  a nominal t ra jectory other  than 
no-wind, grav i ty  turn ,  bu t  it would then  be  necessary  to  add  an  a r t i f ic ia l  
l a t e ra l  g rav i ty  fo rce  due t o  t h e  nonzero UN, BN, and cp~. 
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The perturbation equations of motion f o r  a flexible booster wherein 
t h e  e f f e c t s  of fuel  s losh and rocket  engine iner t ia l  react ion forces  are 
included are fearsome things to derive unless energy methods (v ia  
Lagmnge's  equation) are employed. Even then, derivation is  somewhat 
tedious.  
To begin, Lagrange's equation is :  
The  qi are the generalized coordinates of the system under analysis. We 
assume that any displacement of the system can be expressed i n  terms of 
a s e t  of n discrete generalized coordinates.  The generalized forces,  Q i ,  
are obtained from the  expres s ion  fo r  t he  v i r tua l  work r e su l t i ng  when 
external  forces  act  through a virtual displacement,  6qi, i n  each of the  
generalized coordinate directions.  
T i s  the kinet ic  energy of the system (with respect  to  iner t ia l  space) ,  
V i s  the potential  energy stored in the system, and D i s  a d i s s ipa t ion  
function which accounts  for  in te rna l  damping i n  t h e  system.  Throughout 
this  analysis ,  "frozen" values  of  a l l  system parameters are employed t o  
evaluate short  term dynamic response and a l l  angles except 8 are assumed 
sma 11. 
Degrees of freedom, or generalized coordinates, used are Z, cp, zsj, 
T~ , f3, and pa. A l l  symbols are def ined  in  the  l i s t  of symbols. 
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1 .  Z a m T I C  mENY 
We shall now proceed t o  write the expressions f o r  the kinet ic  energy 
f o r  a l l  components of t h e   t o t a l  system. 
airframe, without  propel lants  or  rocket  
The kinetic energy of the  empty 
engines, i s  (see Fig. B-1 ) : 
Using the  spr ing mass analogy for  fuel  s losh,  the kinet ic  energy of t he  
propel lant  i n  t he  j t h  t ank  i s  (see Fig. B-2): 
With t h e  a i d  of Fig. B-3 we see that the  k ine t ic  energy  of the rocket  
engines i s  
where $ i s  given by: 
X 
Rigid Body 
Axis , x  
ic   Ax is  
Figure B-1 . Elast ic  Axis 
57 
X 
Z 
Figure B-2. Propel lan t  Model for j t h  Tank 
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t x  
Figure B-3. Engine Model 
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Upon subs t i tu t ing  the  express ion  for  $ in to  the  express ion  for  Q, we 
obtain : 
The kinetic energy of the total  system i s  given by t h e  sum of TA, ZTsj,  
and TE. j 
We shall now wr i te  t h e  expression for the  potent ia l  energy for a l l  
components of t h e  t o t a l  system. From Fig. B-4 we see that the  po ten t i a l  
energy due t o  t h e  d e f l e c t i o n  of t h e  empty airframe in  the  acce le ra t ion  
f i e l d  i s :  * 
Potential  energy i s  also s tored  in  the  s t ruc ture  because  of t h e  e l a s t i c  
deformations.  This  potential  energy i s :  
m * Note that the  displacement Yi(x)vi i s  de f ined   t o  be perpendicular 
t o  the x axis. i = l  
where M' and I' are,  respectively,  the running total mss and  running 
total  section  moment  of  inertia for the  system.  Since  the  generalized 
wsses of  the  bending  modes are given  by 
"j. = J ["$(x) + I'Yi2(x) J dx 
L 
Eq. B-9 can be  written as 
Acceleration 
F ie Id 
X 
-z - 
i 
(B-1 0 )  
(B-11 ) 
-# 
Figure B-4. Deflection  of  Empty  Airframe  in an Acceleration  Field 
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We next consider the potential  energy of the  j t h  p rope l l an t  t ank .  
Prom Fig. B-5 w e  see  tha t  the  poten t ia l  energy  is: 
Acceleration 
F ie ld  
9 
- 
(B-I 2) 
Figure B-5. Deflection of Propel lant  Mass i n  an Acceleration Field 
62 
However, 
ks = M s j o s j  2 
J 
Then, 
(B-I 4) 
The f inal  potent ia l  energy contr ibut ion i s  that from the engines, 
which can be wr i t t en :  
The f irst  term on the  r igh t  s ide  of Eq. B-15 i s  the potent ia l  energy 
s tored in  the spr ing connect ing f3 and pa (actuator-nozzle compliance). 
The second and third terms are due t o  the motion of the gimbal point i n  
the  X d i r ec t ion  (see Fig. B-4). The last two terms account  for  the 
r e l a t i v e  X motions between the gimbal point and the engine cg’s. Sub- 
s t i t u t i n g  t h e  i d e n t i t y  
(B-16) 
and the de f in i t i on  of $, Eq. B-6, i n t o  Eq. B-13 gives US 
The t o t a l  p o t e n t i a l  energy i s  VA + VB + V s j  + VE. 
j 
3. DISSIPAZION Fu14ccPI~ 
The d iss ipa t ion  func t ions  for  the  var ious  components can be simply 
wr i t ten  in  te rms  of damping r a t i o s  and natural  f requencies ,  i .e.,  
D S j  = - 1 2 
D E = - -  1 
2 
For the engines  the damping forces  are assumed t o  be i n   t h e  gimbals. 
Finally, we shall write  the expressions for  the general ized forces  
due t o  thrust and aerodynamic terms. Aerodynamic con t r ibu t ions  to  the  
general ized forces  are  assumed p ropor t iona l   t o   l oca l   ang le  of a t t a c k  of 
the booster  airframe. The expression for  the local  angle  of  a t tack is:  
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From Fig. B-6 we see t h a t  t h e  Z generalized force i s :  
+ qs ,, 2% a(x) dx ax 
(B-22) 
Figure €3-6. Generalized Forces 
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where 
(B-24) 
(B-25) 
(B-26) 
From Fig. B-6 we also see that the cp generalized force is :  
where 
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There i s  no z generalized  force.  The vi generalized  force is, again 
re fer r ing  to  F ig .  B-6, 
sj 
where 
If preferred,  the underl ined term my be 
omitted per the discussion of page 10. 
The p and pa generalized forces are zero.  
In  applying Lagrange's equation to  the  f l ex ib l e  boos t e r ,  g rea t  
s implif icat ions resul t  f rom the use of generalized msses and the orthogo- 
na l i ty  re la t ionships  g iven  below. The t o t a l  system mass, o r  Z generalized 
mss, i s :  
The t o t a l  system moment of i n e r t i a ,  o r  cp generalized mss, is: 
The i t h  bending (qi) generalized mass is:  
From t h e  de f in i t i on  of xCG as the system center  of grav i ty  when p 
and z are constrained  to   zero,  we have: 
sj 
From the or thogonal i ty  of r ig id-body t rans la t ion  to  the  i th  bending  mode, 
or the requirement that the bending mode does not move t h e  system CG, we 
have 
The orthogonality of r ig id-body ro ta t ion  to  the  i t h  bending mode gives:  
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Final ly ,  the or thogonal i ty  of t h e   i t h  bending mode t o  t h e  k t h  bending 
mode gives:  
where i f k 
The above development has considered all engines  to  be located on the  
e l a s t i c  a x i s .  The e f f e c t s  of of f -e las t ic -ax is  loca t ions  are general ly  
smll ,  but may be accounted f o r  by modifying the generalized mss and 
or thogonal i ty  condi t ions to  include the change i n  mss dist r ibut ion.  For  
example, the  moment of i n e r t i a  i s  increased by the product of t he  mss of 
the engines t imes the square of their  distance from the  e l a s t i c  ax i s .  The 
ne t  r e su l t  i s  a slight numerical  change i n   t h e  moment of i n e r t i a  and t h e  
bending mode generalized msses, but no change i n   t h e  form of the equations 
of motion. 
In applying Lagrange's equation to the flexible booster,  the kinetic 
energy terms become ine r t i a l  r eac t ion  fo rces  in  the  equa t ions  of motion. 
Potential  energy terms become forces developed i n   d i s t r i b u t e d   o r  lumped 
spr ings,  or  become forces developed by deforming the system in   an   acce l -  
erat ion f ie ld .  Dissipat ion funct ion terms become viscous damping forces.  
Generalized forces are the components in  the  genera l ized  coord ina te  
d i rec t ions  of t h e  thrust  and aerodynamic forces and moments applied t o  
t h e  t o t a l  system. 
The resul tant  equat ions of  motion a r e  summarized  below. The or ig in  * 
of each term i s  eas i ly  t r aced  to  i t s  causa l  phys ica l  e f fec ts  via the  
coefficients and the diagrams used for the derivation of the equations 
of motion. 
2 Foroe Equation 
?he generalized mss and orthogonality relationships of Eqs. B-35 
through €3-41 have been used to  grea t ly  s impl i fy  the  resu l tan t  equat ions .  
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Ath Sloehi= Mode Eauetion 
.. m 
Z 
s j  + 2SSj%jGj J 
+ m$ zs j  + 2 + ls.@ + Y i ( X S j ) t i  
J i =I 
lth Bending W e  Eauatlon 
W W 
If preferred,  the underlined term may be 
omi t ted  p e r  the discussion of page 10. 
+ - E [ c p  + 5 Y;(xg)qi + B] = o (B-46 M E ~ E  IE i =I 
Angular  Motion Beaeed by a WO 
htersl Aoceleration  Beneed by ~ an -~ Acoeleroneter .~ ~~ 
( B-48) 
Angle of Attaok Soneed by a Borward Vane 
For vane on a boom of length lv which i s  a t t ached   t o   t he   boos t e r  a t  k: 
Note that the above equations are for the  inputs  to  the  var ious  sensors ;  
that i s ,  nonideal  sensor  effects  are not included. 
8. ACTUA?)OR EQUATION 
The above equat ions consider  the def lect ion of the control engines 
i n  terms of the actual  engine angle ,  p, and the output of the  ac tua tor ,  pa. 
To f u l l y  complete the equations an additional expression i s  requi red  to  
re la te  the  comnded engine  angle ,  PC, with p and pa. The following 
approxinates  the actuator  by a f i r s t -o rde r  l ag .  
The flow rate i n t o  t h e  a c t u a t o r ,  Q, i s  given by: 
where K1 = actuator open-loop gain 
pc = comrnznded f3 
f = load on ac tua to r  
K3 = valve  pressure  feedback  gain 
A = e f fec t ive   ac tua to r  area 
An alternate expression for  the f low rate i s  obtained from volumetric 
considerations. 
where I$, = effect ive  hydraul ic   spr ing  constant  
The actuator  load i s  given by: 
where KL = effect ive  spr ing  constant  of 
pa t o  p compliance 
Combining the above gives the f inal  actuator equation: 
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The complete equations of motion can be wr i t t en  i n  m t r i x  form as 
where [ A ]  r e p r e s e n t s   t h e   m t r i x  of s t a b i l i t y   d e r i v a t i v e s  
and " s "  terms 
{xi represents   the column m t r i x  of coordinates 
{ 8  1 represents   the column matrix of  inputs 
It w i l l  be assumed that two rigid-body equations of motion are  represented 
by t h e  f i r s t  two rows i n  t h e  m t r i c e s  of Eq. C-1 .  The matrices can then 
be par t i t ioned  so that  the coordinates  for  the r igid-body degrees  of 
freedom, x1 , and the coordinates for the nonrigid-body degrees of f ree-  
dom, x2 ,  a r e  in  sepa ra t e  pa r t i t i ons ,  as shown i n  Eq.  (2-2 ( R e f .  9). 
Expanding Eq.  C-2 gives the rigid-body equations 
and the "elast ic  mode" equations 
Solving Eq. C-4 f o r  { x 2  1 gives 
= 1% I" 
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which can now be  subs t i tu ted  in to  Eq. C - 3  t o  e l i m i n a t e  t h e  e l a s t i c  mode 
coordinates from the rigid-body equations. Making t h i s  s u b s t i t u t i o n  and 
rearranging terms gives  
Equation C-6 i s  the  des i r ed  form of the rigid-body equations of motion. 
A s  a r e s u l t  of e l imina t ing  the  e l a s t i c  mode coord ina tes ,  the  s tab i l i ty  
der iva t ives  [ A1 ] are seen t o  be modified by the  aeroe las t ic  cor rec t ion  
m t r i x  
The aeroe las t ic  cont r ibu t ion  i s  a d i r e c t  r e s u l t  of the coupling 
among the various degrees of  freedom. The coupling that inf luences the 
rigid-body mode cha rac t e r i s t i c s  i s  due p r i m r i l y   t o  aerodynamic l a d s  
created by the va r ious  "e l a s t i c "  e f f ec t s .  Because the slosh degrees of 
freedom do n o t  d i r e c t l y  a f f e c t  the aerodynamic loads on t h e  booster,  it 
i s  assumed t h a t  the slosh equations my be neglected.  Similarly,  because 
the engine degrees of freedom have a neg l ig ib l e  e f f ec t  on the  aerodynamic 
lmds, it i s  assumed that the engine equations m y   a l s o  be neglected. 
This leaves the rigid-body and body-bending equations to be considered. 
For practical  reasons a quas i - s ta t ic  cor rec t ion  i s  desired.  To 
achieve  th i s ,  the  der iva t ives  of t he  bending mode coord ina tes  in  the 
rigid-body equations are neglected,  leaving only the s ta t ic  def lect ion 
terms t o  add to  the r igid-body terms. This  has been found t o  be a valid 
s impl i f ica t ion  when only rigid-body modes are of i n t e r e s t  (Refs. 9, 10) 
and i s  effected by discarding the " s l '  terms i n  [ A 2  ] and [ A 4  1 .  It i s  
pointed out that although it i s  a v i r t u a l  n e c e s s i t y  t o  n e g l e c t  t h e  'IS'' 
terms i n  [ A 2  ] and [ A 4  ] a t  th i s  po in t  i n  the  de r iva t ion  ( they  would 
la ter  be found t o   b e  unimportant terms i f  they were r e t a i n e d ) ,  t o  f u r t h e r  
simplify the computations it i s  assumed that the  " s "  terms i n  E A 3 1  can 
also be neglected. These assumptions w i l l  be  va l ida ted  by the numerical 
results shor t ly .  
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With the  'IS" terms neglec ted   in  [ ] [ A 3 1  and [A4 1, the   aeroe las t ic  
correct ion matr ix  (Eq. C-7) i s  simply a matrix of constants.  It has been 
found that the  small off-diagonal terms of [A4 1, which represent cross- 
coupling among the bending modes, can be neglected. Then the correct ion 
m t r i x  can be wr i t ten :  
Q =  
x 
-2 
CUI 0 . . .  
-1 
X 
Comparing Eq.  C - 8  with [ A1 1 ,  given below, w e  see that the  aeroe las t ic  
correct ions amount t o  changes i n   t h e  aerodynamic der iva t ives  Na and &,. 
The corrected rigid-body matrix can then be wr i t ten  as 
(c-10) 
where 
(c-11 ) 
I (c-12) 
To i l l u s t m t e  t h e  magnitude of the  cor rec t ions ,  l e t  us consider 
Model Vehicle No. 2 at the Max Q fl ight condition. Considering the four 
bending modes used f o r  Model Vehicle No. 2, the var ious terms of Eq.  C-11 
and Eq. C-12 would be: 
- 
Nu = (1.4681 -0.1962-0.0201  -0.041>+0.0056) x lo6 kg ( C - 1 3 )  
- 
Q = (17.48 + 7.79 + 0.14 + 1.89 + 0.07) x 10 6 kg-m (c-14) 
./’ 
From Eqs. C - 1 3  and C-14 we see that the most important aeroelastic cor- 
rec t ion  i s  a s u b s t a n t i a l   i n c r e a s e   i n   ( s t a t i c   i n s t a b i l i t y  i s  increasp” 
/ 
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There i s  a l so  an  apprec iab le  cor rec t ion  to  Na. For both der ivat ives  the 
m j o r  contr ibut ion i s  from t h e  f i rs t  bending mode and t h i s  term i s  more 
than four  t imes the next  largest  one, which comes from the third bending 
mode. In subsequent numerical evaluations only t h e  e f f e c t s  of t he  first 
bending mode on za and w i l l  be included. 
The approximte character is t ic  equat ion for  the r igid-body roots  i s  
obtained direct ly  from Eq. C - I O :  
3 + s2( .%+3L)+ - s(T+ -I& 
MvN IVN )+ $ = 0 (C-15)  MIVS 
The rigid-body roots can be found by numerically factoring the cubic of 
Eq. C-13;  however, l i t e r a l  a p p r o x i m t e  f a c t o r s  c a n  a l s o  be derived. 
Equation C - 1 5  can be written as follows : 
( C-I 6) 
For a s t a t i c a l l y  s t a b l e  v e h i c l e  (& < 0) the  two real cp roots  general ly  
combine i n t o  a complex pa i r .  In  that case it i s  s imple r  t o  subs t i t u t e  
a2 cp = PqPcp2 (C-I 8) 
i n t o  Eq* (2-1 6 .  Usually IP,,Pq2I ” IPZ(Pcpl +PQ) I or  f o r  a complex p a i r  
L U ~  >> 12$pz 1 ,  so that pz can be approximted by the ratio of the last 
two coeff ic ients  of  Eq. C-15, i.e., 
Since it i s  genera l ly  t rue  that 
Eq. C-19 m y  be fur ther  s impl i f ied  t o  
Equating the remining terms of Eqs. C - 1 5  and c-16, w e  f i n d  
(c-20) 
(c-21) 
(c-22) 
For a s ta t ica l ly  uns tab le  vehic le  (Ma > 0) a fur ther  s impl i f ica t ion  f o r  
the  cp roo t s  r e su l t s  i f  
i.e., 
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Using the  Model Vehicle No. 2 dynamic character is t ics ,  the r igid-body 
poles obtained from the approximtions derived above are compared, i n  
Table C - I ,  with the exact values from the  11-by-11 matrix of Fig. 3 .  
This comparison i l l u s t r a t e s  t h ree  impor t an t  po in t s :  
0 Adequate  simple  approx-tions fox the  r igid-body  roots are 
ava i lab le .  
0 During  periods of high dynamic pressure ,  the  aeroe las t ic  
correct ion can great ly  improve the accuracy. 
0 When the  conditions of v a l i d i t y  are s a t i s f i e d ,  t h e  l i t e r a l  
factors  give adequate  resul ts .  The r e l a t i v e l y  l a r g e  e r r o r s  
for burnout are because 9 i s  only eight  times 12($zI . 
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TABU c-I 
COMPARISON OF EXACT AND APPROXIMATE RIGID-BODY ROOTS - 
:RR0R2 
NA 
0 
-2 .o 
-2.7 
~~ 
FLIGHT 
CONDI- 
TION 
CUBIC 
(E&. C-15) 
LPPROXIMATION 
WITH 
AEROELASTIC 
 CORRECTION^ 
CUBIC 
(Ea*  C-15) 
PPROXIMATION 
WITHOUT 
AEROELASTIC 
 CORRECTION^ 
EXACT 
VALUE 
LITERAL 
FACTORS 3 m O R 2  
- 
NA 
ERROR2 
NA 
~~ 
Lift -off  NA NA 
-0.04202 
-0.2786 
0.3644 
-0.04288 
-0.21 78 
0.3017 
2 .o 
-22 
-1 7 
-0.04048 
-0.2769 
0 3571 
-3.7 
-0.6 
-2.0 
-0.04202 
-0 273) 
0 3547 
-0.01 428 
0.176 
0.0071 7 
0 &073 
-0.01 41 2 
0.1 84 
0.0071 1 
0 0 3866 
-0.01 631 
0.228 
0.00820 
0 * 03597 
14.2 
14.4 
-1 1.7 
Burnout NA 
’Aeroelastic correction i s  applied only a t  %x Q; N was assumed zero a t  LO and BO. 
$,,or = [(Approximte-Exact ) /Exact] x 1 00. 
’Literal fac tors  a re  Eq. C-20 and Eqs. C-21, C-22 ( B O ) ,  o r  C-23, C-24 (mx Q) . 
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As a start ing point for the examination of slosh and bending modes 
we will compare the exact and the uncoupled solutions for the example 
vehicle. Table D - I  summarizes the values  of the slosh and bending modes 
as obtained from various types of approximtions a t  each of the  three  
f l ight  condi t ions.  Focusing at tent ion on the  first three  columns, the  
f irst  column l is ts  the "exact" values -the roots obtained from t h e  com- 
p l e t e  1 1 -degree-of-freedom matrix as given in  Fig.  3 .  The "uncoupled" 
values  (second column) include no coupl ing  effects .  The "diagonal" 
values  ( third column) include a l l  terms i n   t h e  11 -by-1 1 pr incipal  diagonal  
wherein the slosh mode f r equenc ie s  a re  iden t i ca l  t o  the  uncoupled values, 
but bending modes include self-coupling terms,* i .e., 
Examination of Table D - I  shows tha t  the  d iagonal  terms general ly  give 
adequate approximtions of the damping r a t io s ,  bu t  that the frequencies can 
have as much as a 10 percent  error .  In  other  words, the cross-couplings 
p r i m r i l y  a f f e c t  t h e  modal f requencies  ra ther  than the dampings. It i s  
a l s o  noted that the second, third, and fourth bending mode frequencies 
a r e  always greater than the slosh mode frequencies, and that the diagonal 
approx imt ions  fo r  t hese  bending frequencies are always low. 
The next  leve l  of approximation is  t o  add the cross-coupling of the 
s losh modes through the rigid-body modes or ,  in  o ther  words, t o  add a 
dynamic cor rec t ion  to  the  s losh  modes for  the r igid-body modes. This 
gives us the following approximte equations of motion: 
*The underlined term m y  be omitted as discussed on page 10. 
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0 
1 
ISl 
l S 2  
l53 
M 
- ,2 
M 
Ms2 -s2 
M 
s2 + 25s1 us1 s +us, 2 0 
.. 
MS3 - ,2 
M 
MS31S3 .2 
1 
0 
0 s2 + 25, us2s + u2 2 s2 0 
0 0 s 2 + 2 ( ,  co, s + ( u  2 3 3  s3 
Equation D-2 can be reduced t o  t h e  following character is t ic  equat ion for t he  
coupled  slosh modes : 
"s 2(% - + Msl l S 1  l53 
M I i 
. 
-S ? r S 3  Ms31s1 lS3  
M 1 
+ 
( M  1 21 MS3 MS31S3 
+ 2Cs us s + us 2 
,2 1 _" 
3 3  3 
The cha rac t e r i s t i c  roots obtained from Eq. D - 3  are l isted in Table D - I  under the 
heading "Three Slosh. 'I 
MODE 
First slosh 
r, ......... 
w ......... 
w e r r o r  . . . 
second slosh 
r, ......... 
w ......... 
w e r r o r  . . . 
rhird slosh 
r; ......... 
w ... ...... 
w e r r o r  . . . 
First bending ......... 
0 ......... 
(o e r r o r  . . . 
Second bending 
r, ......... 
(0 ......... 
(o e r r o r  . . . 
Third bending 
r; ......... 
0 ......... 
(o e r r o r  , . . 
Fourth bending 
r; ......... 
(0 . . . . . . . . . 
(o e r r o r  . . . 
EXACT 
0.0045 
2 .ow 
0.0050 
2.1 32 
0.0052 
2.221 
0.0054 
2.607 
0.0048 
5 9289 
0.0049 
9.1 88 
0.0050 
12.58 
TABU D - I  
COMPARISON OF EXACT AND APPROXIMATE  ROOTS 
(a) Lift-off 
UNCOUPUD 
0.0050 
2.1 36 
3 * 2  
0.0050 
2.1 36 
0.2 
o.oog0 
2.1 36 
-3.8 
0.0050 
2.156 
0.0050 
5.062 
0.0050 
8 783 
0.0050 
-1 7.3 
4 . 3  
-4.4 
12.36 
-1.7 
DIAGONAL 
0.0050 
2.1 36 
5 * 2  
0.0050 
2.1 36 
0.2 
0.0050 
2.1 36 
-3.8 
0.0046 
2 350 
-9.8 
0.0049 
5.185 
-2.0 
0.0050 
8.872 
-3.4 
0 . 0 0 ~ 0  
12.39 
-1 .5 
CHREE SLOSH 
0.0048 
8.8 
2.209 
0.0050 
2.126 
-0.3 
0.0055 
2.228 
0.3 
? m E  SLOSH 
+ 71 
0.0044 
2.000 
-1 .5 
0.0050 
0.6 
0.0052 
2.21 3 
2.145 
-0.4 
0.0057 
2.700 
3.6 
0.0043 
2.008 
-1 .1 
0.0051 
2.1 15 
0.0051 
2.236 
0.7 
0.0057 
2.684 
3.0 
-0.8 
0.0045 
2.01 8 
-0.6 
0.0050 
2.1 36 
0.2 
0.0051 
2.1 94 
-1 .2 
0.0055 
2.608 
0.04 
0.0049 
5 *257 
-0.6 
0.0051 
9.151 
-0.4 
0.0050 
12.54 
-0.3 
w i n  rad/sec ; e r r o r  = [(spproximte-exact)/exact]x 100 
Table D-I (Continued) 
MODE 
F i r s t  s losh  
5 a . . . . . . . .  
w ......... 
w e r ro r  . . . 
Second slosh 
5 . . . . . . . e .  
w ......... 
w e r ro r  . . . 
Third slosh 
5 ......... 
w ......... 
w e r ro r  . . . 
F i r s t  bending 
( ......... 
w . . . . . . . . . 
w er ror  . . . 
Second bending 
5 ......... 
w ........ . 
w er ror  . . . 
Third bending 
5 . e . . . . . . .  
w ......... 
w e r ro r  . . . 
Fourth bending 
5 ......... 
w ......... 
w error . . . 
EXACT 
0.0050 
2.750 
0.0057 
3- 047 
0.0087 
3.1  31 
0.01 41 
2.234 
0.0084 
6.022 
0.0071 
9 944 
0.0064 
12.89 
UNCOUPUD 
0.0050 
2.765 
0.6 
0.0050 
2 765 
-9 *2 
0.0050 
2.827 
-9.7 
0.0050 
2.31 9 
3.8 
0.0050 
5.645 
-6- 3 
0.0050 
9.1  84 
-7.6 
0.0050 
12.50 
-3.0 
w i n  md/sec 
DIAGONAL 
0.0050 
2 765 
0.6 
0.0050 
2 765 
-9.2 
0.0050 
2.827 
-9.7 
0.01 59 
2.407 
7.8 
0.0088 
5 * 739 
4 . 7  
0.0070 
9 -299 
-6*5  
0.0068 
12.45 
-3.4 
C m E  SLOSH 
0.0050 
2 776 
1 .o 
0.0055 
3 050 
0.1 
0.0052 
2.882 
-8.0 
THF33E SLOSH 
+ 71 
~ 
0.0051 
2 777 
1 .o 
0.0054 
3.048 
0.03 
0.0092 
3.1 84 
1 *7 
0.01 25 
2.268 
1 -5 
I 0.0055 
3.046 
4 . 0 3  
0.0086 
3.153 
0.7 
0.0126 
2.243 
0.4 
; e r ro r  = [(approxiIllate-exact)/exact] x 100 
0.0091 
5 921 
-1 .7 
0.0075 
9.886 
-0.6 
0.0070 
12.72 
-1 .3 
Table D-I (Concluded) 
( e )  Burnout 
MODE 
First slosh 
5 . . . . . . . . .  
w . . . e . . . . .  
w e r r o r  . . . 
3econd s losh 
5 . . . . . . . . .  
w . . . . . . . . .  
w e r ro r  . . . 
rh i rd  slosh 
5 . . . . . . . . e  
w . . . . . . . . .  
w e r r o r  . . . 
First  bending 
5 . . . . . . . . .  
w . . . . . . . . .  
w e r r o r  . . . 
Second beading 
5 . . . . . . . . .  
w . . . . . . . . .  
w e r ro r  . . . 
Third bending 
5 ......... 
0 ......... 
w e r r o r  . . . 
Fourth bending 
5 . . . . . . . . .  
u) . . . . . . . . .  
w e r ro r  . . . 
EXACT 
0.0048 
3.680 
0.0043 
4.027 
0.0051 
4.951 
0.0039 
3.409 
0.0028 
7.41 9 
0.0046 
11.86 
0.0053 
24 99 
UNCOUPLFD 
0.0050 
3.581 
-2.7 
0.0050 
3- 770 
-6.4 
0.0050 
4.712 
-4.8 
0.0050 
2-91 5 
-1 4.5 
0.0050 
6.592 
-1 1 .1 
0.0050 
11.71 
-1.3 
0.0050 
24.86 
+*5 
DIAGONAL 
0.0050 
3.581 
-2 -7 
0.0050 
3 770 
-6.4 
0.0050 
4.71 2 
4.8 
0.0039 
3 727 
9.3 
0.0047 
6.951 
-6.3 
0.0050 
1 1  -77 
-0.8 
0.0050 
24..  90 
-0.4 
CHREE SLOSH 
0.0050 
3 605 
-2 .o 
0.0051 
3.81 5 
-5.3 
0.0053 
4.980 
0.6 
?HREE SLOSH 
+ 71 
0.0049 
3.692 
0.3 
0.0050 
4.076 
1.2 
0.0054 
5 - 059 
2.2 
0.0042 
3.424 
0.4 
0.0049 
0.1 
3.683 
0.0051 
4 033 
0.2 
0.0051 
5 -053 
2.1 
0.0042 
3.401 
-0.2 
BENDING 
(SLOSH) 
0.0049 
7.1 05 
4 . 2  
0.0051 
11.63 
-7 .9 
0.0050 
25.01 
0.1 
!HIRD SLOSH 
+ '11 + '12 
0.0051 
4.914 
-0.7 
0.0041 
3.607 
5 a 8  
0~0050 
7.31 8 
-1 .4 
w i n  md/sec ; e r ro r  = [(approxinate"exact)/e~ct]  x 100 
For the  three  f l igh t  condi t ions ,  th i s  re la t ive ly  s imple  equat ion  
gives the frequencies of two modes within 2 percent.  The frequency for 
the  t h i r d  mode has a s izable  e r ror .  From the s tudy of t he  MRR it would 
appear that the primary source of t h i s  e r r o r  i s  the coupling with the 
f irst  bending mode. 
The principal source of slosh-bending coupling occurs through inertial 
ra ther  than aerodynamic or t h r u s t  terms. Consequently our next approxi- 
m t i o n  i s  t o  s o l v e  f o r  t he  three slosh and first bending modes simultane- 
ously using the fol lowing Character is t ic  equat ion:  
= 0 ( D - 4 )  
where S 3  i s  t h e  3-by-3 mtrix of Eq. D-3 .  The cha rac t e r i s t i c  roots  obtained 
from Eq. D - 1 3  are l i s t ed  i n  Table D - I  under the heading "Three Slosh + vl  ." 
The addi t ion  of t he  f irst  bending mode has grea t ly  reduced frequency 
e r ro r s  i n  gene ra l ,  bu t  a 3.6 percent  error  remains in  t h e  f irst  bending 
mode a t  LO. It was f e l t  t h a t  t h i s  e r r o r  w a s  probably due t o  t h e  e f f e c t s  
of higher bending modes. Therefore a s t a t i c  c o r r e c t i o n  was a p p l i e d  t o  
the v1 equa t ion  for  t h e  e f f ec t s  o f  t he  second  bending mode. This r e s u l t s  
in  the  fo l lowing  charac te r i s t ic  equat ion:  * 
* I n  t h e  body of the report  the determinant  i s  w r i t t e n  w i t h  t h e  f i f t h  
row divided by G2 This  i s  done to avoid confusion in subsequent 
expressions for  &e denominator lead coe f f i c i en t .  
s3 
' s2y,  (xsl) 0 
I 
I s2y, bs3) 0 
i """- -I ""- 
c2 1 
Equation D-5 can be reduced t o  a 4-by-4 determinant that i s  i d e n t i c a l   t o  
Eq. D-4 except for the  last row, which becomes 
The charac te r i s t ic  roots  ob ta ined  from th is  equat ion  are l isted i n  Table D - I  
under the heading "Three Slosh + 71 (72).  'I 
Now there  are only two frequency errors greater than 2 percent-the 
th i rd  s lo sh  mode a t  BO and the first bending mode a t  LO. The e r r o r  i n  t h e  
th i rd  s lo sh  mode a t  BO w i l l  be d iscussed  la te r .  The e r r o r  i n  t h e  first 
bending mode a t  Lo m y  be reduced by including a s t a t i c   c o r r e c t i o n   f o r   t h e  
t h i r d  bending mode. This i s  accomplished by adding a s i x t h  row t o  t h e  
5-by-5 determinant of Eq. D-5, 
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and a s i x t h  column, 
0 0 0 3 
-2 
'D3 
The character is t ic  roots  obtained from this  equat ion are l i s t ed  i n  
Table D-Ia under the heading "Three Slosh + v1 ( v2, v5) .I1 
With t h i s   c o r r e c t i o n   t h e   a c c u r a c y   f o r  a l l  f o u r  modes a t  Lo i s  very 
good; maximum e r r o r  i s  1.2 percent.  Thus it appears that, with the 
except ion of  the third s losh a t  BO, accuracies  on the order  of  1 percent 
or  b e t t e r  can be obtained for the sloshing and f irst  bending modes by 
including only t h e  ine r t i a l  coup l ing  terms and  s t a t i c  co r rec t ions  fo r  
the higher bending modes. 
Approximations f o r  the second, third, and fourth bending modes are 
obtained by adding a dynamic co r rec t ion  fo r  t h e  s losh modes. This  cor- 
rec t ion  i s  d iscussed  in  Sec t ion  111-C. The r e su l t an t  cha rac t e r i s t i c  
equation (Eq. 2 3 )  gives t h e  a p p r o x i m t e  r o o t s  l i s t e d  i n  Table D - I  under 
the heading "Bending (Slosh)." Except for the second bending mode a t  BO, 
the  f requency errors  are all less than 2 percent.  The re la t ive ly  poor  
accuraty a t  BO f o r   t h e  second bending and th i rd  s lo sh  i s  caused by the  
smll (30 percent) frequency separation of these modes. 
The coupling between the third slosh mode and the second bending 
mode a t  BO i s  a l so  d i scussed  in  Sec t ion  111-C. The approxirmtion derived 
there  (Eq. 23)  inc ludes  the  th i rd  s losh  mss plus  the f irst  and second 
bending modes with a dynamic correct ion for the rigid-body modes. Roots 
obtained from this approximation are l i s t e d  i n  T a b l e  D - I C  under "Third 
Slosh + v1 + v2." Note t h a t  t h i s  g i v e s  good r e s u l t s  f o r  t h e  t h i r d  s l o s h  
and second bending modes, bu t  that f o r   t h e  first bending mode w e  have t o  
use the "Three Slosh + q1 ( q2) approximtion.  
The coupled modes t o  be considered here are t h e  f i r s t - o r d e r  l a g ,  pa, 
of the  ac tua tor  and the second-order mode, %, of the  compliance i n  t h e  
actuator-nozzle connection. A s  a first approximtion w e  w i l l  neglect 
the rigid-body and bending contributions to the engine deflection equa- 
t ions.  This leaves the lower right 2-by-2 s u b m t r i x  of t he  o r ig ina l  
1 1  -by-1 1 , i . e . ,  
which y ie lds  a cubic  character is t ic  equat ion:  
I n  Eq. E-2 only  varies  throughout  he  flight.  Since  the  terms  involving 
are  qui te  smll, this approximation gives roots which change s l i g h t l y  
with f l ight  condi t ion.  The roots obtained from Eq. E-2 are compared with 
the exact values from the  complete 11 -by-11 lnatrix in Table E - I  under the 
heading "Cubic." The worst  errors occur a t  BO where the  f i r s t -o rde r  l ag  
i s  off by 4 percent and the second-order frequency i s  off  by 12 percent. 
While these  e r ro r s  a re  r e l a t ive ly  l a rge  compared to  those  obta ined  for  
other  modes, the  approximt ions  are probably sat isfactory for  prel iminary 
analyses (a more accurate approx-tion w i l l  be derived shortly).  
r r."-l-! CONDITION L i f t -   o f f  
Max Q 
TAEXZ E - I  
ACCURACY OF ACTUATOR  APPROXIMATIONS 
PARAMETER 
pa error* 
% error* 
pa error* 
u& error* 
EXACT 
~- ~ 
14.56 
0.0984 
47.04 
14.32 
0.0986 
47.53 
~ 
CUBIC 
~~ 
" .. 
14.66 
0.0982 
46.1 5 
0.7 
-1 .9 
~~ 
14.66 
0.0980 
46.18 
1 .o 
-2 .a  
14.69 
0 * 0977 
46.26 
3.9 
-11.9 
" 
LITERAL 
14.04 
0.1028 
47.09 
-3.6 
0.1 
14.04 
0.1028 
47.09 
-3- 3 
-0.9 
14.04 
0.1028 
47 09 
-0.7 
-1 0.3 
CUBIC 
(m, vi) 
14.63 
0 0973 
47.14 
0.5 
0.2 
14.62 
0.0967 
47.64 
0.7 
0.2 
14.52 
0.091 8 
53.39 
2-7 
1 -7 
* Erro r  = [ (Approximate-Exact)/Exact] X 100 
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In general ,  the roots of Eq.  E-2 m y  be approximted via  the factor ing 
method of Appendix C; the  real root i s  obtained from the ratio of the last 
two coef f ic ien ts .  Dropping small terms, the  l i t e r a l  expression becomes 
The second-order then i s  approximated by 
I g( ) 
KO + KL (E-4) 
Note that the term containing i s  among the  s m 1 1  terms dropped,  hence 
the  above values are independent of f l igh t  condi t ion .  The r e su l t i ng  
approxinations are l i s t e d   i n  Table E - I  under the heading "Literal." 
The f a c t  that the  mximum er ror  ob ta ined  wi th  these  "approximt ions  to  
an approxination" i s  less  than  that obtained from factoring the cubic 
i s  purely coincidental .  
A more accurate approximation is  obtained for  these modes by including 
a dynamic correct ion for  the r igid-body and bending modes. The procedure 
i s  iden t i ca l  t o  t ha t  u sed  in  co r rec t ing  the  second t o  f o u r t h  bending modes 
f o r  t h e  s losh  nasses. The dynamic correction changes only the upper left  
element i n  Eq. E-1.  It becomes 
The approximte  roots  wi th  these correct ions are l i s t e d   i n  Table E - I  
under "Cubic (RB, qi) . " The e r r o r s  i n  pa and % are g r e a t l y  reduced. 
hximum e r r o r s  s t i l l  occur a t  BO, but  are not only 2.7 and 1 .7 percent 
f o r  pa and ma. 
Obviously,  conditions of validity for the application of Eqs. E-3 
through E-5 involve  the  re la t ive  nagni tudes  of terms i n   t h e  exact equa- 
tions of motion. However, in  genera l ,  ma >> 2 s a ~ p a  which allows the 
d i rec t  approxina t ion  of roots  v ia  Eqs. E - 3  through E-5. If t h i s  
inequal i ty  i s  not  val id ,  the roots  must be obtained by fac tor ing  Eq. E-2. 
Further,  Eqs. E - 3  through E-5 require  the dynamic correct ion t o  be small: 
2 
This  inequal i ty  i s  not so  general  as i s  indicated by t h e  e f f e c t  t h e  
dynamic cor rec t ion  has a t  BO. Note, however, that the  m j o r  contr ibut ion 
of t h i s  co r rec t ion  i s  easily inc luded  in  Eq. E-4 when appropr i a t e ,  i . e . ,  
Equation E-6  results i n   a n   e r r o r  similar t o  that indica ted  in  Table  E - I  
under "Cubic (RB, v i ) .  ' I  
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Considering only the Z and cp equations, the character is t ic  equat ion 
f o r  the  cp zeros of the  Z numerator can be written as: 
o r  
= o  
In  Eq. F-I only  the  thrus t  por t ions  of  the  s ta t ic  te rms  in  the  f3 c o l m  
have been retained,  and the column has been n o m l i z e d   t o   u n i t y  on the  
min  d iagonal .  This  norml iza t ion  i s  done to  avoid  confus ion  in  the  
expressions for the numerator lead coefficients.  
The approximte zeros obtained from Eq. F-1 are l isted i n  Table F-I 
under  "Rigid  Body." The mximum e r r o r  i s  14.6 percent. To reduce the 
e r ro r s  we add a s t a t i c  co r rec t ion  for the  first bending mode using the 
same technique employed f o r  the denominator. The cha rac t e r i s t i c  equa- 
t i o n  wi th  the  s t a t i c  co r rec t ion  i s  given i n  S e c t i o n  IV (Eq. 3 3 ) .  The 
zeros obtained from it are l i s t e d   i n  Table F-I under "Rigid Body ( q , ) . "  
The mximum e r r o r  i s  now reduced t o  5 percent,  which i s  acceptable since 
the closure of a load  re l ie f  loop w i l l  be r e l a t i v e l y  i n s e n s i t i v e  t o  t h e  
exact location of these zeros.  
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TABU F-I 
RIGID-BODY  ZEROS OF Z NUMEXATOR 
Burnout 
I -~ . " . . - 
EXACT 
~~ 
~ 
-0.8689 
0.8693 
- 
-I .089 
I .123 
-2.1 26 
2.128 
ERROR* 
-7.3 
-7.3 
-2.8 
-2.6 
Considering only t h e  Z and cp equations, 
f o r  t h e  Z zero of the cp numerator i s :  
-12.7 
-1 4.6 
o r  
NCL I 
MVN M16 
s + -  " 
s + &iua - ;) 
R I G I D  
BODY 
(71 1 
EMOR* 
4.8608 -0.9 
0.8608 
-2.7 1.092 
-3.0 -1 .056 
-I .o 
-2.233 5.0 
2.233 4.9 
t h e  character is t ic  equat ion 
= o  
= o  (F-4) 
F-4 give a zero a t  the  or ig in .  
and the approximt ion  i s  
A t  Lo both the complete equations and Eq.  
A t  &x Q the  exact value i s  0.01 369 sec-l 
0.01 390 sec-' , a n  e r r o r  of 1 .5 percent.  The e r r o r  a t  BO i s  -2.4 percent,  
t he  exact val-ue i s  0.780 x 1 0-4 sec-l , and the approximtion i s  
0.762 x 1 0"4 sec-l . "hi$ i s  more than adequate  accuracy for  this  zero.  
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For the  rigid-body zeros of the vi numerator w e  start by including 
the rigid-body modes and the s t a t i c   e f f e c t s  of t h e   i t h  bending mode. 
This gives a characterist i’c equation of 
1 
= 0 (F-5) 
The zeros obtained from Eq. F-5 are l i s t e d *  i n  Table F-11 under “Rigid 
Body.“ The r e s u l t s  f o r  t he  q1 numerator  are  sat isfactory,  but  there  are 
Large errors for the other numerators.  
By analogy wi th  the denominator approximtions, the next step i s  t o  
add a s t a t i c  co r rec t ion  for the  f irst  bending mode. This correction 
adds a fourth row and column t o  Eq. F-5 (see Eq. 38, Section IV, f o r  t h e  
complete determinant). The zeros obtained with the correction are l i s t e d  
i n  Table F-IIa under “Rigid Body ( v l  ) . ” The e r r o r s  a t  h x  Q have been 
greatly reduced. The l a rges t  one i s  now an acceptable 8 percent.  
The s t a t i c  c o r r e c t i o n  f o r  t h e  first bending m o d e  has l i t t l e   e f f e c t  
a t  BO because t h e  aerodynamic der iva t ives  M N,ji, and Nqi were assumed 
zero  in  the  exac t  so lu t ion .  By process of elimination it appeared that 
the only cause of the  la rge  e r rors  a t  BO could be the  th i rd  s lo sh  mss 
( the  o ther  two s losh  msses  are very slnall a t  Bo). Consequently a s t a t i c  
correct ion f o r  the  th i rd  s losh  mass was added t o  Eq. F-5 (see Eq. 39, 
Vi’ 
*As noted in  Sec t ion  IV, a l l  three zeros are a t  t h e  o r i g i n  f o r  t h e  
LO condition. 
Section N).  For t h i s  case we found t h a t  it was necessary t o  retain the  
s term i n  the i column and the 1 s2 term i n  the cp column. s3 
TABm F-I1 
RIGID-BODY  ZEROS OF v i  NUMERATORS 
(a) hximum Q 
71 
72 
73 
74 
". 
EXACT 
-0.041 1 ;  
-0.471 4 
0.5683 
." - 
-0.041  5( 
-0.2585 
0.31 18 
-0.04091 
-0.4897 
0.5728 
-0.0402: 
0.0297 
0.4061 
R I G I D  
BODY 
a. 4609 
0.5345 
-0 .Ob1 85 
-0.2888 
0.3698 
4.04092 
4.481 6 
0.3542 
4.0381 7 
0.1 661 
0.2572 
:RROR* 
-0.4 
-2.2 
-5.9 
0.7 
1 1  -9 
1 8 . E  
-0 .1  
-1 - 6  
-3.3 
-5 .O 
-37.0 
R I G I D  
BODY 
(7,) 
-0.03934 
0.1 169 
0 3877 
CRROR' 
1 . 7  
-1 .8 
7-9  
- 0 . 1  
-1 .7 
-3.3 
-2.2 
-4.5 
* Error = [(Approximate-Exact)/Exact]x 100 
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The resul ts  obtained with the s losh correct ion are l i s t e d   i n  
Table F-IIb under "Rigid Body (zs3)." The mximum e r r o r  has now been 
reduced t o  6 percent. 
Table F-I1 (contd) 
(b ) Burnout 
72 ' ;cp 0.1786 
'"ip (rad/sec) 0.0400'j 
zz (see-') -0.0144E 
R I G I D  
BODY 
~~ " 
" ~~ 
-0.01 41 2 
0.1 837 
0.03866 
-0.01 41 2 
0.1837 
0.03866 
-0.01 41 2 
0.1837 
0.03866 
- 
-0.01 41 2 
0.1837 
0.03866 
ERROR* - 
0.1 
0.1 
-0.7 
-3-  7 
-2.5 
-11.7 
-4.8 
-24.9 
" 
* Error = [ (Approx i~ te -Exac t ) /Exac t ]~  100 
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CRROR' 
. 
" . 
.. 
0.1 
0 - 3  
-0.1 
-0.7 
-0.6 
-3.0 
" 
" 
-1 .o 
-6.0 
~ 
0 Dynamic co r rec t ion   fo r  Z 
0 Cont ro l   cha rac t e r i s t i c s   i n  cp column 
0 Three slosh modes 
0 F i r s t  bending mode 
0 Sta t i c   co r rec t ion  f o r  second  bending mode 
This 7-by-7 determinant i s  given by: 
0 0 
The reason f o r  including the Mi , gl ,  and g2 terms i s  discussed in  
1 
Section IV. 
To reduce the 7-by-7 of Eq. G-1 t o  t h e  5-by-5 given in  Sec t ion  N 
(Eq.  40), the  f i r s t  two rows and columns of Eq. G-1 are el iminated.  In  
m k i n g  t h i s  reductio11 the contributions of the Mi , g,, and g2 terms t o  
the s losh rows were neglected. The Mi, and gl contributions are neglected 
since they are generally srnaller than the  Y1 (xs. ) s2 terms. The g2 
1 
1 
J 
99 
.. . . 
contributions are neglected since w e  only desire a second bending mode 
c o r r e c t i o n   t o   t h e  first bending mode. 
Before evaluating the complete 5-by-5 of Eq. 40, several  simpler 
approximtions were tried. By considering the first three diagonal terms 
w e  have the individual  s losh zeros  with dynamic cor rec t ions  for  the  r ig id-  
body modes. The resul t ing zeros  are listed i n  Table G - I  under "Individual 
Slosh." A s  might be expected, the results are unsatisfactory; frequency 
e r ro r s  are as la rge  as 3 percent.  
The next  level  of approximtion was to include the slosh cross-coupling 
by re ta in ing  the  f i rs t  three rows and  columns  of  Eq.  40. The r e s u l t s  a r e  
l i s t ed  in  Tab le  G - I  under  "Three  Slosh.  Errors as la rge  as 5 percent 
relnain. 
Next, the first bending mode was added by using the first four rows 
and  columns. The r e su l t s ,  l i s t ed  unde r  "Three Slosh + q l l '  were b e t t e r ,  
but there were s t i l l  severa l  e r rors  of 2.3 percent.  
In  the  f inal  a p p r o x h t i o n ,  t h e  complete 5-by-5 determinant, a s t a t i c  
co r rec t ion  to  the  f irst  bending mode f o r  the second bending mode i s  
included. The r e s u l t s ,  l isted under  "Three  slosh + (q2) ,  I' are qui te  
good. The only error  greater  than 1 percent i s  the  th i rd  s losh  zero  a t  BO. 
The problem with th i s  zero  i s  the  same one we had w i t h  t he  pole;  i t s  
frequency i s  too  c lose  to  that of the second bending mode. Consequently 
We must  have a separate BO approximtion.  This  approximation includes the  
th i rd  s losh ,  first and second bending modes w i t h  rigid-body dynamic correc- 
t i o n s ,  i . e . ,  Eq. G-2.  
Equation G-2 i s  reduced t o  t h e  3-by-3 of Eq. 42 by el iminat ing the 
f irst  two rows and  columns. In  the  r educ t ion  the  c i j  terms are dropped 
and only the contributions of t he  g i  terms to  the  d iagonal  e lements  a re  
re ta ined.  The reasons  for   these  s implif icat ions  are:  (a) The Yi(xs3)S2 
terms are  larger  than the gi  contr ibut ions,  and (b) we a r e  m i n l y  i n t e r -  
es ted in  the coupl ing of the  f i rs t  and second bending modes with the t h i r d  
slosh,  not the first t o  second bending coupling. A s  shown in Table  G-1, 
under "Third Slosh + q1 + q 2 , ' I  Eq. 42 gives very good results f o r  a l l  three 
zeros. 
1 00 
. 
TABLE G - I  
SLOSH AND FIRST BENDING ZEROS OF cp NUMERATOR 
I 
. 
A 
INDIVIDUAL 
SLOGH 
THREE SLOSH 
TXREE SLOGH THREE SLOGH 
+ '11 + '11('12) 
0.028 
2.1 39 2.140 
0.027 
0 0 
-0.01 8 
2.145 
-0.017 
0.2 
2.140 
0 
0.0049 
2.145 
0.2 
2.424 
0.0055 0.0053 
0.3 0.3 
0.~049 
2.145 
0.2 
2.425 
ZERO 
~ 
F!.rst slosh 
5 ............. 
w ............. 
....... 
Second slosh 
w error 
............. 
w 
5 ............. 
w error ....... 
Thild slosh 
5 ............. ............. 
w error 
First bending 
w ....... 
............. 
w 
5 
............. 
....... " _  .. w error 
- ~ ~. 
First slosh 
5 ............. 
w ............. 
....... 
Second slosh 
w error 
............. 
0) 
5 
............. ....... 
Third slosh 
w error 
............. 
w 
5 ............. 
w error ....... 
First bend- ............. 
w 
5 
............. 
w error ....... 
~~ 
0.028 
2.140 
-0.01 8 
2.1 40 
0.0050 
2.141 
0.0053 
2.417 
. _ .. - 
- .__ 
0.0040 
2.730 
0.0053 
2.764 
0.0066 
3.081 
0.022 
2.142 
- 
0.0050 
0.4 
2.147 
0.0052 
2.1 85 
2.1 
0.0052 
2.188 
2.2 
0.0083 
2.1 y5 
-0.2 
0.0017 
2.1 y5 
-0.2 
0.0053 
2.253 
5.1 
..... - 
. . ~ ~~ 
-0.0085 
-0.1 
2.748 
0.010 
2.804 
1.5 
0.014 
-2.8 
2.995 
T 0.0050 
2.763 
0.5 
0.0051 
2.89 
2.7 
0.0053 
2.922 
-5.1 
0 . m  
2 . 749 
O.Oo50 
2.777 
0-5 
0.0067 
-0.1 
3.079 
0.020 
2-175 
1.5 
0.020 
2 * 765 
-0.01 1 
2.768 
0.2 
0.0066 
-0.3 
3 . 071 
0.021 
2.159 
0.8 
( c )  Burnout 
-~ -~ ~ 
First slosh 
5 ............. 
w ............. 
w error ....... 
Second 6lOsh ............. 
w 
5 ............. 
w error ....... 
T h i r d  slosh 
5 ............. 
0 ............. 
w error ....... 
First bending ............. 
w 
5 ............. 
w error ....... 
Second bending 
5 ............. 
0) ............. 
w error ....... 
.. . . . .  
o.Co50 
0.4 
3.5& 
0.0050 
3.774 
0.6 
0.0052 
4.933 
0.3 
"~~ " 
0.0051 
3.567 
0.00% 
3.750 
0.0050 
4.918 
0.0041 
3.474 
7.103 
1 
o.0050 1 3.749 0 0.0050 3.774 0.0100 3 * 676 0.6 -2.0 
0.0052  0.0054 
4.934 5-056 
0.3 2.7 
O.Oo40 
3 . 470 
2.6 0.1 
0.0040 
3.478 
0.1 
0.0041 
3.466 
-0.2 -0.1 
1 ::T4 7.116 
101 
- %3 ,2 
M 0 
%3ls3 ,2 -1 
I 
 
I 
2. '1, -TOR 
s2 + 2( 2 s 3% 35 + us 3 y1 (xs3)s2 
0 
-Q2 
1 
Star t ing  wi th  the  three  slosh m s s e s  and their  coupling through the 
rigid-body modes, the approximate characterist ic equation i s :  
0 
Msl 2 -
M S 
Ms2 2 -
M S 
lS3 0 0 
MS 1 - 
M s* - M 
MS31S3 ,2 1B 
1 
- 
1 
s2 + 2( s 3% 35 + 2 
3 
0 
~ 
= o  
1 02 
I -  
This can be reduced t o  t h e  3-by-3 determinant of Eq. 43 by eliminating 
the f i r s t  two and  the  s ix th  rows and columns. 
A s  a f i r s t  app rox ina t ion  we consider just the diagonal elements of 
Eq. 43. The resu l t ing  zeros ,  l i s ted  in  Table  G-I1 under "Individual 
Slosh , I t  have r e l a t ive ly  l a rge  e r ro r s ,  up t o  5 percent.  U s i n g  the complete 
3-by-3 determinant greatly reduces the errors. The zeros ,  l is ted under  
"Three Slosh," have only one e r ror  grea te r  than  1 percent and that is  
1.3 percent.  
Although a spec ia l  so lu t ion  fo r  t he  th i rd  s lo sh  ze ro  a t  burnout does 
not appear necessary, the previous techniques of us ing  the  th i rd  slosh 
mss p l u s  f i r s t  and second bending i s  employed here. The cha rac t e r i s t i c  
equa t ion  in  th i s  ca se  i s :  
0 
1 
l53 
0 
0 
MS - 
M s2 
MS31SS s2 
I 
0 
0 
y2 (xs3) s2 
C 12 
= 0 (G-4) 
which can be reduced t o   t h e  2-by-2 of Eq. G - 5  by eliminating the f irst ,  
second, and fourth rows and columns. The resul t ing zeros  are l isted i n  
Table G-IIc under "Third Slosh + vl + 72.  " The error i n  t h e  t h i r d  slosh 
zero i s  s l igh t ly  reduced ,  to  0.7 percent, and the second bending error 
i s  0.6 percent.  
TABU G-I1 
SLOSH =OS OF ?ll NUMERATOR 
(a) Lift-off 
ZERO 
First slosh 
$ .............. 
w .............. 
w e r r o r  ........ 
Second s losh 
$ .............. 
w .............. 
w e r r o r  ........ 
T h i r d  slosh 
5; .............. 
w .............. 
w e r r o r  ........ 
F i r s t  s l o s h  
5; .............. 
03 .............. 
w e r r o r  . . . . . . . . 
Second s losh 
$ .............. 
w .............. 
w e r r o r  . . . . . . . . 
T h i r d  s losh  
$ .............. 
w .............. 
(o e r r o r  . . . . . . . . 
First s losh  
f .............. 
w .............. 
w e r r o r  ........ 
Second s losh  
r; .............. .............. 
(o e r r o r  . . . . . . . . 
Third slosh 
( .............. 
w .............. 
(o e r r o r  ........ 
Second bending 
$ .............. 
u) .............. 
w e r r o r  . . . . . . . . 
EXACT 
" 
~ 
O.OOT( 
2.1 36 
0.0023 
2.1 36 
0.0053 
2.267 
0.0050 
2.155 
1 .o 
0.0051 
2.1 97 
2.9 
0.0050 
2.1 86 
-3.6 
~ 
0.0087 
2.774 
0.0014 
2 - 774 
0.0049 
2 9 791 
0.6 
0.0054 
2.838 
29 3 
0.0056 0.0051 
3.065  2.91 6 
( c ) Burnout 
0.0050 
3.583 
0.0050 
3 781 
0.0050 
4 992 
0.0032 
6.71 6 
0.0050 
3.582 
0 
0.0048 
3 = 775 
-0.2 
0.0051 
5 *033 
0.8 
0.0050 
2.1 38 
0.1 
0.0050 
2.141 
0 . 3  
0.0053 
2.263 
-0.2 
~" __ - 
0.0050 
2.766 
0.0050 
- 0 . 3  
2.81 0 
1.3 
0 0055 
3.051 
-0.5 
_ _ _ ~ ~ ~  .. 
~ 
0.0050 
3.582 
0 
0.0050 
3.780 
0 
0.0053 
3 *037 
0.9 
1 04 
To approximate the slosh and f irst  bending zeros of the higher bending 
( v 2 ,  v3, o r  74) numerators, it i s  necessary to  include a dynamic correct ion 
for the rigid-body modes, the  three  s losh ,  and two bending modes. This 
results i n  a 7-by-7 determinant, Eq .  G-6. 
1 0  
Msl - s2 M 
%2 -s* M 
Ms -3 ,2 
M 
1 
M 
- 
32 
1 
0 
0 
0 
= O (G-6  
where i = 2, 3 ,  4 
Equation G-6 can be reduced t o   t h e  4-by-4 of Eq. 44 by el iminat ing the 
f irst ,  second, and seventh rows and columns. 
The simplest approximtion from Eq. 44 i s  to  cons ider  on ly  the  f irst  
three diagonal terms. The r e su l t i ng  ze ros  a re  l i s t ed  in  Tab les  G-111, 
G - N ,  and G-V under  "Individual  Slosh. The e r r o r s  are general ly  qui te  
large and are completely unacceptable. 
By including the f irst  three rows and columns of Eq. 44, t h e  e f f e c t s  
of slosh cross-coupling are added. The r e su l t s ,  l i s t ed  unde r  "Three 
Slosh ,"  a r e  somewhat be t te r  bu t  the e r r o r s  a r e  s t i l l  too large.  
The r e s u l t s  from the complete 4-by-4 a r e  l i s t e d  under "Three Slosh 
+ v1 . I 1  The resu l t s  a re  very  good in general, with only three frequency 
errors  greater  than 1 percent and these a l l  occur i n  t h e  v4 numerator. 
Improved approximations for the cases of 2.2 and 2.1 percent  errors  w i l l  
not be considered, but the 6 pe rcen t  e r ro r  i n  the  th i rd  s lo sh  ze ro  a t  BO 
can be reduced. 
For BO we again consider a spec ia lapproximt ion  involv ing  a dynamic 
correction for rigid-body modes, th i rd  s losh ,  first and second bending. 
The resu l t ing  charac te r i s t ic  equat ion  for  the  74 numerator is: 
0 
1 
l 5 3  
0 
0 
0 
MS - 
M s2 0 0 
s*+251wIs +zf 0 
0 s 2 + 2 c 9 s + $  
'41 '4 2 
106 
= 0 ( G - 7 )  
. .. .. . .  
TABU G-I11  
SLOSH AND FIRST BENDING ZEROS OF T ) ~  NUMERATOR 
ZERO 
First slosh ......................................... 
w 
( ......................................... 
w error ................................... 
Second slosh 
5 ......................................... 
w error ................................... 
( ......................................... 
w error ................................... 
5 ......................................... 
w ......................................... 
Third slosh 
w ......................................... 
First  bending 
w ......................................... 
(o error ................................... 
First  slosh ......................................... 
(0 
5 ......................................... 
w error ................................... 
Second slosh 
5 ......................................... 
w ......................................... 
w error ................................... 
Third slosh ......................................... 
(0 
5 ......................................... 
w error ................................... 
First  bending 
5 ......................................... 
w ......................................... 
w error ................................... 
O.Oo50 
2.1 38 
0.0052 
2.220 
0.0055 
2.427 
o.Oo50 
2.1 66 
1.4 
0.0051 
2.199 
-0.9 
o.Odt6 
2.190 
-9-8 
0.0050 
2.768 
0 * 0075 
2.961 
0.0050 
3.055 
0.026 
1-995 
( c  ) Burnout 
First elosh ......................................... 
0 
( ......................................... 
w error ................................... 
Second slosh 
( ......................................... 
w ......................................... 
w error ................................... 
Third slosh ......................................... 
0 
5 ......................................... 
w ermr  ................................... 
First  bending 
5 ......................................... 
(I) error ................................... 0) ......................................... 
0.0050 
3.589 
o.oo51 
3.81 5 
0.0053 
5.09 
O.Oo50 
2-91 3 
T 
. 
0.0051 
2.807 
1.4 
0.0053 
2.944 
-0.6 
0.0052 
2.520 
4.4 
0 . 0050 
3.584 
-0.1 
0.0050 
3.797 
-3.5 
0 * 0055 
5 e039 
0.1 
. 
h 
.-r 
. 
TBREE SLOBH 
0.0049 
2.112 
-1.2 
0.m1 
2.1 a3 
-1.5 
0.0053 
2.263 
-6.8 
0 . w50 
3- 583 
-0.2 
0.0050 
3.793 
4.6 
0.0054 
5.109 
1 -5 
. 
L 
c 
. 
i 
TEREE SLOB8 
+ ‘I1 
0.0050 
2.131 
- 0 . 3  
0.0052 
2.21 8 
4 . 1  
0.0057 
2.429 
0.1 
0 . W 7  
0.3 
1 . 9 9 9  
2 . 765 O.co50 
4 . 1  
0.0078 
2.975 
0.5 
0.0041 
3-033 
-0.8 
0.01 8 
2.01 1 
0.8 
. . . . . . . . . . . . .  ._ ........... .- . 
TABIE G - I V  
SLOSH AND FIRST BENDING ZEROS OF T~ NUMERATOR 
ZERO 
r 
F i r s t  slosh 
5 ......................................... 
u) ......................................... 
u) er ror  ................................... 
Second s losh  
5 ......................................... 
(u ......................................... 
u) error ................................... 
T h i r d  s lo sh  
5 ....................................... 
(u ......................................... 
u) e r r o r  ................................... 
First bending 
5 ......................................... 
u) ......................................... 
................................... I 
m m  
0.0050 
2.1 y5 
0.0052 
2.210 
0.00h 
2.626 
0.0046 
1.920 
mlvIDwL 
SLOSH THREE SLOSH 
0.0051 
2.143 2.181 
0.0050 
0- 3 2.1 
0.0051 0.012 
2.190 2.214 
-0.9 0.2 
0.0051 -0.0020 
2.197 2.21 4 
40.0 -1 6.0 
THREE SLOSH 
+ ‘I1 
0.0050 
2.142 
0.3 
0.0052 
2.218 
0.4 
0.0060 
2.607 
-0.8 
0.0045 
1 -91 5 
-0.3 
First s losh 
5 ......................................... 
a, ......................................... 
u) error ................................... 
Second s losh  
5 ......................................... 
(0 ......................................... 
w er ror  ................................... 
Third s losh  
5 ......................................... 
u) error ................................... 
5 ......................................... 
(0 ......................................... 
F i r s t  bending 
0) ......................................... 
cu er ror  ................................... 
0.0050 
2.766 
0.012 
2.096 
0.0051 
2.823 
2.1 
0.0054 
2.953 
-1 . 9 
0.0052 
2.909 
-9.0 
0.0050 
2.768 
0.1 
0.0055 
‘3.045 
-0.3 
0.0052 
2.926 
43.5 
0.0050 
2 * 769 
0.1 
0.0054 
3.051 
-0.1 
0.0087 
3.1 92 
4 . 1  
0.015 
2.1 15 
0.9 
First s losh  
5 ......................................... 
0 ......................................... 
(I) error ................................... 
Second s losh  
5 ......................................... 
(0 ......................................... 
(u error ................................... 
Third s losh  
5 ......................................... 
(0 ......................................... 
................................... 
First bending 
u) error 
5 ......................................... 
cu error ................................... 
0 ......................................... 
cu in rad/sec ; error = 
0.0050 
3.596 
0.0053 
3.882 
0.0050 
2.866 
0.0050 
3.587 
-0.3 
0.0051 
3.824 
-1 . 4 
0.0054 
5.107 
1.9 
0.0050 
3.585 
4 . 3  
0.0050 
3-81 7 
-1.7 
0.0054 
5-1 X 
2.3 
[(approx~nrrte-exact)/exact] x 100 
0.0050 
3 * 591 
-0.1 
0.0053 
3.898 
0.4 
0.0053 
5.046 
0.6 
0.0049 
2.890 
0.8 
1 08 
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TABLE G-V 
SLOSH AXD FIRST BENDING ZEROS O F  74 NUMERATOR 
ZERO 
M r s t  slosh 
5 ........................... 
Second slosh 
w e r ro r  
w ........................... ..................... 
f ........................... 
0 ........................... 
..................... 
Third slosh 
o e r ro r  
f ........................... 
0) ........................... ..................... 
First bending 
o e r ro r  
5 ........................... 
........................... 
u) e r ro r  
0 
..................... 
.... . ~~~ 
Fi r s t  s losh  
f ........................... 
o ........................... ..................... 
Second slosh 
w e r ro r  
........................... 
u) 
f ........................... 
w e r ro r  ..................... 
Third E losh 
5 ........................... 
w ........................... 
..................... 
Fi r s t  bending 
o e r ro r  
5 ........................... 
0 ........................... 
o e r ro r  ..................... 
- 
___ . . .  
Fi r s t  slosh ........................... 
0 
5 ........................... ..................... 
Second slosh 
u) e r ro r  
........................... 
w 
f ........................... ..................... 
Third slosh 
w e r ro r  
5 ........................... 
0 ........................... ..................... 
First bending 
w e r ro r  
........................... 
u) 
f ........................... ..................... 
Second bending 
o e r ro r  
5 ........................... 
0 ........................... ..................... 
__- . 
o e r ro r  
7 
. 
. 
~ 
. 
0.0050 
2.1 32 
0.0052 
2.210 
0.0062 
2.658 
0.0044 
1.906 
0.0050 
2.764 
0.0053 
3.047 
0.01 1 
3.21 o 
0.033 
1 . 862 
INDIVIDW 
SLOSH 
Max Q 
. .  . 
0.0051 
2.7 
2.837 
0.0054 
2 .. 989 
-1 . 9 
0.0051 
2.m 
-9.7 
( c  ) B u r n o u t  
0.0050 
3.606 
0.0058 
4.097 
o.cG50 
4.781 
0.0047 
2.724 
0 -0057 
7.245 
0.0050 
3.597 
4 . 3  
0.0051 
3.915 
4.5 
0 * 0053 
4.766 
-0.3 
THREE SLOSH 
THREE SLOSH I +‘1l  
0.0050 
2.1 36 
0.2 
0.021 
0.3 
2.212 2.21 6 
0.0050 
0.1 
-0.01 1 
2.21 6 
0.0062 
2.669 
-1 6.6 0.4 
0.0044 
1 .  898 
-0 .4  
0.0050 
2 765 
0 
0.ow 
2 985 
-2 .1  
4.020 
2 * 985 
-7.0 
0.0050 
2.766 
0.1 
0.0050 
3 - 0 9  
4 . 3  
0.00% 
3.279 
2.2 
0.01 7 
1 . 865 
0.2 
TMRD 8 I K 6 H  
+ .. + ‘12 
 
O.Oo50 
3.591 
-0.4 
0.0057 
3.553 
-3.5 
0.0054 
4.7% 
4 . 9  
0.0050 
5.596 
4 . 3  
0 * 0057 
-2 .1  
4.012 
0.0054 
5.108 
6.0 
0.0049 
2.720 
-0.2 
0.0051 
4.786 
0.1 
0 . w 2  
2.700 
4 . 9  
0.0055 
7.225 
4 . 3  
( s p p r a t c u r a c t ) / e l e c t ]  x 100 
An unusual feature of Eq. G-7 i s  the  inc lus ion  of t he  gYi(xs ) term. I n  
general ,   lYi(xs.  ) s2 I >> I EY; (xs - ) i a t  s losh mode frequencies so the  
term i s  neglected; however, th i s  inequal i ty  does  not  ho ld  for  the  four th  
bending and th i rd  s lo sh  mss a t  burnout. Consequently, the ,!j term was 
included. 
3 
J J 
The cross-coupling of f irst  and second bending through c12 and c21 
i s  smll so  these terms were neglected. The c41 and ~ 4 2  terms were 
retained because the diagonally opposite elements, Y1 (xp)/M1 and Y2(9)/M*, 
a re  r e l a t ive ly  l a rge .  
Equation G-7 i s  reduced t o  t h e  3-by-3 of Eq. 45 by el iminat ing the 
f irst ,  second,  and s i x t h  rows and  columns. In the reduction process,  
~ 4 1  and ~ 4 2  cross-coupling terms between the first and second bending 
modes are developed but were dropped from Eq. 43 because t h e i r   e f f e c t s  are 
smll. The zeros obtained from Eq. 45 a r e  l i s t e d  i n  Table G-Vc under 
"Third Slosh + ?ll + v2. I' The e r r o r s  f o r  a l l  three zeros are less than 
1 percent. 
4. 
The most c r i t i c a l  requirement f o r  any  s losh  approxWtion  is  t o  
adequately represent the pole-zero separations. A r e l a t i v e  l a r g e  e r r o r  
in both the pole and zero i s  acceptable i f  the separat ion is  accurate.  
It i s  also important  to  note  that approximting a +1 percent  sepamtion 
by -1 percent i s  much worse than approximating a 1 0  percent separation 
by 12 percent. I n  the  first case t h e  e r r o r  i s  ap t  t o  mke  the  d i f f e rence  
between c losed- loop  s tab i l i ty  and i n s t a b i l i t y ,  b u t  n o t  i n  t h e  second 
case . 
To judge the adequacy of the slosh approximtions presented here,  the 
pole-zero separations given by the various approximations* are compared 
with the exact separations in Table G-VI.  A detailed examination of the 
table gives the following conclusions with respect to MSFC Model Vehicle 
No. 2: 
* The p o l e   a p p r o x h t i o n s  used i n  Table G-VI  are those l is ted under  
the  same headings i n  Appendix D. 
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o The f i rs t  and second slosh modes are adequately approximated 
a t  a l l   f l i g h t   c o n d i t i o n s  by including a dynamic correct ion 
for rigid-body modes, t he  th i rd  s lo sh  and first bending modes, 
and a s t a t i c  c o r r e c t i o n  f o r  t h e  second bending mode, the  
"Three Slosh + 7, (7 ) " approximtion. This approximation 
a l s o  g i v e s  v e r y  g o d  r e s u l t s  f o r  t h e  first bending mode. 
0 The "Three Slosh + q (q2) I' approximation is  adequate for the 
th i rd  s losh  mode a t  b and &x Q; a t  BO it i s  necessary to  
include a dynamic correct ion for  r igid-body modes and the  
th i rd  s losh ,  first and second bending modes, the "Third Slosh 
+ v1 + v2'' approximation. 
These ra ther  complex approx imt ions  fo r  t he  s lo sh  modes are t h e  r e s u l t  
of the unusual  character is t ics  of Model Vehicle No. 2, i .e . ,  three s losh 
and one bending mode i n  a narrow frequency range. For cha rac t e r i s t i c s  
more typ ica l  of current boosters, such as only two slosh modes and those 
well separated from any bending modes, much simpler approximations should 
be apparent from t h e  m t e r i a l  p r e s e n t e d  i n  t h i s  r e p o r t .  
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TABLE G - V I  
SMSH MODE POLE-ERO SEPARATIONS 
(a) Firs t  S losh  Mode a t  Lift-off 
NLJMERATOR 
cp 
71 
72 
7 3  
74 
Three Slosh 
Three Slosh 
+ 91 
-3.3 7 - 0  
-3.2  6.9" 
-4.4 6.5 
-3.0 7-1  
-3.3 6.9 
POLE-ZERO  SEPARATION 
Three Slosh 
+ rll h 2 )  
6 -5  
~ ~~~ 
6.5* 
6.1" 
6 . F  
6.4" 
" 
Three Slosh 
- 
+ q1 (92 Y 11,) 
. . ~ 
6.0" 
6.0" 
5.6* 
6.2" 
5.9" 
- 
-0.6 
-0.6 
4 . 6  
-0.6 
-0.4 
(b)  F i r s t  S losh  Mode a t  bhx Q 
(c )  F i r s t  S losh  Mode at- Burnout 
-0.7 
-3.0" 
-2.9 
-2.7 
-2.6 
~. . . . ~~ ~ 
-2.7" - . " 
-3.1 
- .  
-2.4"  -2.6 
-2.5" - .  
-2.e 
Three Slosh 
+ 91 + 92 
.. - . ~ ~ 
"~ .. - 
-3.1 
-2.6 
-2.5 
-2.3 
-2.0 
* Same zero approximation used as i n  previous column. 
Separation = 
Frequency of zero -frequency of pole 
Frequency of pole x 100 
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Table G-VI (Continued) 
cp 
ql 
'12 
'13 
'14 
cp 
'11 
'12 
'13 
'14 
(d) Second Slosh Mde a t  Lift-off 
I Three Slosh 
. -.  
Three Slosh I +'1l 
POLE+ZERO SEPARATION 
1.2 0.2" 
1.2" 0.2" 
4.9" 3. @ 
4.9" 3.8* 
4.6" 3.5" . 
~~ .~ 1 
(e)  Second Slosh Mode a t  bhx Q 
-9.1 
-7 - 8" 
-2.3" 
0.2" 
-0.3" I 
( f )  Second Slosh Mode a t  Burnout 
Third Slosh I 
+ '11 + '12 1 Exact 
0.4 
0.2 
4.1 
3.7 
3.7 
- 9 . 3  
-9.0 
-2.8 
0.2 
0 
-9.8 
-3.6 -3.4" 4 . 4  
3 . 3  5 . 4 "  -6.4 
-6.1 -6.3" -7.3* 
-6.9 -7.0 
-1 -6  -0.5* 
I 
1.7 
. -  
I II 
Table G - V I  (Concluded) 
(g )  Third  Slosh Mode at Lift-off 
I I POLE-ZSRO SEPARATION 
I - 1  I I 
I NLTlrIERATOR I I Three  Slosh I Three Slosh I Three Slosh 
Three Slosh 
+ 71 
7 3  -0.6 17.6 16.6" a a *  1 q4 1 -0.5 1 20.6 1 19.3" 1 21.6" 
I I I 
( h )  Third Slosh Mode a t  %x Q 
3.9 
4.0* 3-0  3.6 
1.2" 0 - 3  1.5 
-3. a* -4.8 6.5 
-3.2" 4 . 2 *  5 - 9  
-2.6 "3.3 
(i) Third Slosh Mode at Burnout 
I 
Thi rd  Slosh 
Exact 
+ 71 + 72 
I -1.6 
I 
-2.1 
-2.4 
2.1 
2.5 
cp 
71 
-0.2 "9.1 -3.9 
1 . I  -0.4" -0.3" 
72 
73 
74 -4.9 
2.6 -0.2" - 0 - 3  
3.0 "9.1" -0.3 
1 . l" 1.0 
0.2 
0.8 
-0.7 
1.7 2.6" 
0.8 
2 . F  1.3 
-2.6 -3- 5 
I 
For the higher bending (q2,  v3, and 74) zeros of the  cp numerator we 
use an approximtion similar t o  that employed f o r  the denominator, i .e. ,  
a dynamic co r rec t ion  fo r  t he  s lo sh  msses .  The character is t ic  equat ion 
f o r  t h e  vi zero can then be wr i t ten  as 
0 1 
0 0 
0 0 
M s  31s 3 
I 
0 
0 
Y i  (xsl) 
2 
= 0 ( H - 1 )  
where i = 2, 3 ,  4 
The gi term i s  included here because the diagonally opposite term, Yi (9) /Mi, 
represents a d i r ec t  con t ro l  i npu t  t o  the  bending equation. 
The reduction of Eg. H-I t o  a quadratic equation in s, Eq. 46, i s  
straightforward. The zeros obtained from Eq. 46 are l i s t e d  i n  Table H - I .  
The r e s u l t s  are general ly  good except for the  v2 zero a t  EO which is  
better approxianted by the   t h i rd   s lo sh  mss plus first and second bending, 
Eq. 42. 
TABU H - I  
HIGHER BENDING ZEROS OF cp NUMBATOR 
I
- 
BURNOUT LIFT-om 
ZERO 
Exact m c t  
.I 
0.0053 
7.1 03 
0.0050 
11.80 
0.0051 
24.96 
App rox . 
. .  .. -" . .  
0.0050 
6.901 
-2.9 
11.76 
-0.3 
24 99 
0.0050 
0.0050 
0.1 
App rox . 
" "" 
~~ . 
~~ ~ ~ 
0.0068 
5 763 
-0.3 
0.0081 
9 809 
0.1 
0.0066 
12.80 
-1 .4 
App rox . 
0.0049 
5.1 63 
-0 .1  
0.0052 
9.260 
-0.2 
0.0050 
12.63 
-0.6 
Exact 
0.0070 
5 - 783 
0.0083 
9 9 795 
0.0062 
12.98 
I 
Second bending 
tJ .......... 
(u .......... 
(u e r r o r  . . . .  
Third bending 
tJ . . ........ 
(u . . . . . . . . . .  
(u e r r o r  .... 
Four bending 
5 .......... 
(0 .......... 
(u e r r o r  .... 
~~ 
0.0050 
5.1 69 
0.0053 
9 275 
0.0052 
I 2.71 
(u in  rad/sec ; e r r o r  = [ (approximate-exact)/exact]x 100 
2. q, -TOR 
The basic approxbmtion i s  qui te  similar t o  that used above. The 
approximate characterist ic equation i s  
0 0 0 
= o  
1 0 0 
0 1 0 
C 
l i  
The reduction of Eq.  H-2 t o  a quadra t ic  in  s, Eq. 47, is again straightforward. 
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The zeros obtained from Eq. 47 are l i s t ed  in  Tab le  H-11.  Only two 
er rors  a re  grea te r  than  1 percent and the mximum e r r o r  i s  1.4 percent. 
The 1.1 percen t  e r ro r  i n  the  v2 zero a t  BO i s  reduced t o  0.6 percent by 
using the  third s losh plus  first and second bending approximtion of 
Eq. G-5.  
TABLE H - I 1  
HIGHER BENDING ZEROS OF v1 NUMERATOR 
I Lm-om 
ZERO 
Exact 
- 
Second bending 
5 .......... 0.0050 
w .......... 5 - 072 
cu e r r o r  .... 
Third bending 
5 .......... 
w e r r o r  .... 9.241 
w .......... 0.0053 
Fourth bending 
5 .......... 
12.72 . . . . . . . . . .  
0.005~ 
w e r r o r  .... 
Approx . 
-___ 
0.0050 
5.065 
4 . 1  
0.0052 
9.21 6 
-0.3 
0.0051 
12.62 
-0.9 
- 
Exact 
0.012 
5 - 393 
0.0064 
9- 849 
0.0070 
12.91 
App rox . 
0.0097 
5.348 
-0.9 
0.0054 
0.4 
9 890 
0.0076 
12.73 
-1 .4 
T BURNOUT 
Exact 
0.0052 
6.71 6 
0.0050 
11.74 
0.0051 
24.99 
1 
App rox . 
0.0050 
6.641 
-1  .1 
0.0050 
1 1  *75 
0.1 
0.0051 
25.00 
0 
w in   rad /sec  ; e r r o r  = (approximste-exact)/exactlx 100 L 
3. IIOHER BmDIlpo NUmRAToRB 
A s  noted in  Sec t ion  ITV, the  approximt ion  for  the  q2, q3, and 74 
numerators can be obtained by generalizing Eq. H-2 o r  Eq. 47. The zeros 
obtaining from the resul t ing character is t ic  equat ion,  Eq. 48, are l i s t e d  
i n  Tables H-111, H-IV, and H-V. The l a rges t  e r ro r  (5.9 percent) occurs 
i n   t h e  v2 zero of the q4 numerator, but it can be reduced t o  0.3 percent 
by using the third s losh plus  first and second bending approximtion of 
Eq. 45. There are two e r r o r s  i n  t h e  v4 numerator which are i n  t h e  
2 t o  3 percent range; a l l  o t h e r  e r r o r s  a r e  less than 1 percent. 
. . . .  ..... - ... .... _. ......... - .... " ". . 
TABLE H- I11  
HIGHER BEDDING ZEROS OF v2 NUMETGITOR 
Third bending 
5 .......... 
w . . . . . . . . . .  
cu e r r o r  . . . .  
Fourth bending 
5 . . . . . . . . . .  
0 . . . . . . . . . .  
w e r r o r  . . . .  
LIFT-OFF 
Exact 
0.0052 
9.043 
0.0051 
12.58 
Approx. 
- 
0.0051 
9.001 
-0-5 
0.0051 
12-53 
-0.4 
Exact 
" _" 
0.0087 
9.41 5 
0.0062 
12.81 
App rox . 
0.0075 
9 366 
-0-5 
0.0070 
12.69 
-0.9 
TABLE H - I V  
HIGHER  BENDING ZEROS OF 7 NUMERATOR 
3 
BURNOUT 
Exact 
0.0050 
1 I .72 
0.0051 
25.00 
App mx  . 
"_ . . . . . .  ~- 
0.0050 
11.72 
0 
0.0050 
0 
25.01 
LIFT-OFF BURNOUT M A X &  
ZE RO 
Exact 
Second bending 
; .. . . . . . . . .  
5.109 
0.0051 
w .......... 
w e r r o r  . . . .  
Fourth bending 
5 .......... 
12-39 w . . . . . . . . . .  
0.0050 
w e r r o r  .... 
0.0050 0.01 I 
5.101 I 5.562 
- O a 2  I 
0.0050 
12.37 
-0.2 
0.0072 
12-53 
, 
Approx. I Exact 1 Approx. 
0.0092 1 0.0050 1 0.0049 5.533 6.624 6.626 
4 . 5  I 
0.0069 
12.48 
-0.4 
0.0051 
24.96 
l o  
0.0050 
0 
24 97 
w i n  rad/sec ; e r r o r  = [(approximate-exact)/exact] x 100 
1 1 8  
__~__  . . . .  ~- . .  ~~ ~. .
Second bending 
.......... 
(0 .......... 
a e r r o r  .... 
Third bending 
5 .......... 
(LI . . ........ 
(LI e r r o r  . . . .  
TABLE: H-V 
HIGHER BENDING ZEROS OF q4 NUMERATOR 
- 
T 
~~~ ~ 
o.00008 
3 - 955 
0.01 3 
8.631 
~~ 
i- Approx. 
0.0052 
6.820 
3.9 
0.0050 
11 -77 
-0.2 
cD i n  rad/sec ; e r r o r  = [(approximate-ewct)/exact] x 100 
T h i s  appendix summarizes the dynamic cha rac t e r i s t i c s  of the  MSFC 
Model Vehicle No. 2. Various dynamic parameters  are  l is ted in  Table  1-1. 
Aerodynamic charac te r i s t ics  a re  g iven  in  Table  1-11. Bending mode shapes 
and s lopes are  plot ted in  Figs .  1-1 and 1-2. 
TABLE 1-1 
DYNAMIC PARAMMEEL5 
UNITS 
sec 
kg 
kg 
kg-secz/m 
m/sec2 
m/sec 
kg/m2 
m 
kg-m-sec 2 
m 
rad/sec 
kg-sec2/m 
rad/sec 
kg-secz/m 
Lif t -off  
FLIGHT  CONDITION 
0 
5,193,233 
423,565 
12.261 
0 
0 
37-8 
0 
282,200,000 
-35.26 
0.0050 
2.15& 
193,190 
0.0050 
5.061 7 
1 65,520 
Q 
- 
80 
5,819,805 
227,178 
266,051 
21.021 
51 9.3 
3,841 
41 .2 
251 ,I  oo,ooo 
-38.66 
0.0050 
2.31 85 
1 70,750 
0.0050 
5.6448 
11 5,670 
Burnout 
157 
4,786,200 
1,735 
11 6,412 
41 .lo0 
2,520.5 
93 
67.2 
90,400,000 
-64.66 
0.0050 
2.915 
1 7,867 
0.0050 
6.592 
29,068 
1 20 
Table 1-1 (Continued) 
UNITS 
rad/sec 
kg-sec2/m 
md/sec 
kg- sec2/m 
m 
m 
rad/sec 
kg-sec2/m 
m 
m 
rad/sec 
kg-sec2/m 
m 
m 
rad/sec 
kg-sec 2 /m 
kg- sec2/m 
m 
” 
Lift- O f f  
~____________ - 
” 
0.0050 
8.7826 
162,150 
0.0050 
12.356 
350,110 
16.09 
-21.71 
0.0050 
2.1  363 
11,158 
_ 
43.1 5 
5 * 35 
0.0050 
2.1 363 
17,048 
~ ~ ~ _ _ _ _ _ _  
61 -35 
23-55 
0.0050 
2.1 363 
11,173 
FLIGHT COITION 
E.bx Q 
0.0050 
98,115 
0.0050 
565,740 
9-  1 835 
~ 
12.504 
10.16 
-31.04 
0.0050 
2.7646 
11,612 
31 .08 
-1 0.12 
0.0050 
2.7646 
8J 399 
61 -35 
20.15 
0.0050 
2.8274 
11,173 
Burnout 
0.0050 
11.711 
69 J g60 
0.0050 
24.862 
203, $0 
6.24 
-60.96 
0.0050 
3.561 4 
336 
24.84 
-42.36 
0.0050 
3 7699 
772 
61 -35 
-5.85 
0.0050 
4.71  24 
11,173 
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Table 1-1  (Concluded) 
K3 
I KL 
UNITS 
kg-m-sec2 
FLIGHT CONDITION 
L i f t - o f f  Burnout Max Q 
3456.4 c 
0.01 8421 - 
51 .138 -  
2.54 + 
56.995 4 
1 ,249,300 c 
800 * 
0.1 7 cr 
223,780 - 
1 22 
TABLE 1-11 
AERODYNAMIC  CHARACTERISTICS 
VALUE 
1,468,100 
17,483,000 
3.9679 x 109 
21,197 
33,447 
15,556 
-291  ,640 
1,084,200 
239,790 
1,152,000 
-746,670 
4,549,400 
-2,938, 300 
6 , 370,500 
-1 7,410,000 
55,269,000 
-64,429,000 
21 ,005 000 
-1 25 770 000 
1 1  4,520 
-90,160 
30,950 
-1 47,690 
Table 1-11 (Concluded) 
(b) Burnout 
I Nu I k g  I 24,165 
A l l  other  aerodynamic  derivatives 
are  assumed  zero 
1 24 
5.01 
(a) Lift-off 
Figure 1-1. Bending Mode Shapes 
- 5.0 IL (b) Max Q 
Figure 1-1 (Continued) 
i= 
yi 
- 5.0 1 (c) Burnout 
Figure I- 1 (Concluded) 
. 
A 
03 
Iu 
0.4 
0.3 
0.2 
v; 
0. I
- 
I -  
- 
l -  
(meters") 
0 
-0.1 - 
-0.2 - 
-0.3 - 
-0.4 - 
(a) Lift -off  
Figure 1-2. Bending Mode Slopes 
(b) bhx Q 
Figure I- 2 (Continued) 
0.4 
0.3 
0.2 
Vi' 
0.1 
(meters") 
0 
-0.1 
0.2 
-0.3 
- 0.4 
( c )  Burnout 
Figure 1-2 (Concluded) 
The following pages l ist  the t ransfer  funct ion poles  and zeros  for  
Model Vehicle No. 2 a t  "Lift-off,  ' I  'IMx Q," and "Burnout. I '  These "exact" 
values were obtained from the complete 11-by-11 m t r k  of Fig. 3 .  The 
m t r i x  elements are also listed; column 13 represents  the  r igh t  s ide  
(PC column) of the matrix. 
MATRIX ELEMENTS 
- 
CUEFF IC,IENTS 
- - - -  - - 
S* S SO 
0. 1.000000GOE 00 0. 
0. 
2.63429996E-02 -0. -0. 
~" 4.02479994E-02 - 0-. - 9" 
2.63779998k-02 -0. -0 . 
3 .  0. 4.26299995E-C1 
0. 0. 5.42999P95E-01 
0. 0. 6.75499994E-01 
0. 0. 7.85599995E-01 
-1.04959999E-02 -0 . -6013049996E 00 
0. 0. c .  
0. 0 .  C. I). 0. C. 
- 1. C O C r O O O O O _ E ~ O O  -0.  -0. 
"" 6 L -1.22609998E 01 
-8.58383997E-04 -0 . -4.84789997E-C5 
9.32389987E-04 -0 . -4.85439998E-04 3.23199996E-04 -0 . -7.40B989E-04 
2 6 0. 9. -5.43799996E-03 
2 7 0. 0. -1.19599998E-02 
2 0 0. 0. -1.93599997E-02 
2 9 0. 0. -2.54999998E-02 
2 10 - 6.044599a9~-04 -0. 3.24639997E-01 
2 l i  0. 6. 0. 
2 13 0. 0. C. 
3 1 0. i.OOCOCOCOE 00 0. 
3 3 1- O O O O C O O O E  00 2.13629997E-02 4.56379998E CO 
3 4 0. 0. C. 
3 5 0. 0. 0. 
3 6 4.53159994E-01 -0 . 4.35999995E-01 
3 7 2. 81969997E-0: -0. 5.84399998E-01 
3 8 7. 13499993E-02 -0 . 7.57399994E-01 
3 9 -1.12279998E-01 -0. 8.74699986E-01 
3 10 0. 0. 0. , 
3 il 0. 0. C .  
3 13 0. 0 .  0. 
-r 1 u. I. OOOO O O O O E  00 0. 
i 2 5.34999996E 00 -0 . -1.22609998E  01 
4 3 0. 0. 
4 4 1.00000000f 00 2.13629997E-02 4.56379998E 00 
c. 
4 5 0. 0. 0. 
4 6 -3.98737997E-01 -0. 3.08099994E-01 
4 7 -4056719995E-01 -0 . -1.18999998E-02 
4 9 2.15039998E-01 -0 . -8.62899995E-01 
4 10 0. 0 .  C. 
4 1 1  0. 0. 0. 
- 4 13 0. 0. 0. 
2 1 0. !.GG2;3000E 00 G. 
3 2 2.35499996E 01 -0 . -1.226i3998E 01 
5 3 C. 0. 0. 
5 4 0. 0. 0. 
5 5 1.00000000E 00 2.13629997E-02 . 4.56379998E 00 
5 6 -6.99479997E-01 -0 . 6.979999S5E-02 
3 2 -2. 17C99994E 01 -C. -1.22609998E 01 - 
4 8 -1.93569998E-01 -G . - 5 -7 0 4%99-'ZE31. 
- 
1 32 " .  " - 
_-______-- mtrix Elements (Continued) 
Hek C ~ L  C9EFF I ' C I E K T S  
L I F T  B F F  
~ 
52 S' SO 
5 7 2.95599997E-02 -0. -5.80899996E-01 
5-8". 9.=-0-0-6J.? 9_9kE5'.1___- -0 - . 
5 9 8.00199986E-01 -0. 7.88999993E-01 
5 l o ?  -0 =. ~~ 3 .  
5 11 
_____ e. 
0. 0. C.  
fi 13  .. . 0. G. C. 
6 1 0. c). C. 
6 2- - 0. 0. 0.- 
6  3 2.61729997E-02 -0 . 2.5179999aE-G2 
6 4 -  -3.51865397E-02 -0. 2.71899998E-02 
6  5 -4.04539996E-02 -0. 4.02999991E-03 
6 6 -  1.0~0COCOOOE 00 2.15639997E-02 5.52C49S94E CO 
6 7 0. 0. 1.:0869999E 00 
6 9 0. 0. 1.60389999E CO 
6 10  __ -2.39009997E-02 -$I-. -1.25159998E  0  
6 11 0. G. C. 
6 1 3  = O - Y ~ .  . .~~ ~ ~ 0. C. 
7 1 0. 0. C .  
7 2 0. ~- ~ - - 
7 3 1.9007S999E-02 -0. 
L" c. 
7 4 - 4 . 7 0 4 1 9 9 9 1 E ~ 0 2  -0 0 .  --1.2199999aE-03 
7  5 1.99499999E-03 -0 . -3.92099994E-02 
7 6 0. ~" 0. 9.95649993E-Cl 
7  7 1. OOO~OOOOOE 00 5 .06169993E-02  2 .66a89996~ 01 
7 8 . ~ - .  0. "_ 0.  ." 1.57749999E 00 
7  9 0. 3. 1 . 8 3 4 5 9 9 9 ~ ~  co 
7 10 - -2.81869999E-02 -0 . -1.43169998E 01 
7 11 0. G .  C.  
~ ~~ 7 ~ -13 0. 0. .~ ~. ~ ~ . .  ~- ~ .~ C .  
8 1 3. 0. C. 
G 2 0."- .~ . . ~ - . Q a ." .~ . . ~" C. 
8 3 4.90999991E-03. -0 . 5.21194995E-02 
e 4 ~ _ _ _ "  -2-035199-97-E~o2 --z.O. . ._ 
8 5 6.20569992E-02 -0 . - 2 x 8 5 9 9 9 9 7 E - 0 2  
6 -  0. 
" ~~~~~~ C. ~ 9 .93149996E-01 
8 9 0. 0. 1 . a 3 0 1 c 0 0 0 ~  00 
~~ 8 10  - -2,911799975-0-2 -0 . -1.42819998E 0 1  
a 11 0. 0. G. 
5 "13 0 .  0. ~~. C .  
9 1 0. 0. 0. 
9 2 "  0. "- 0. "" ~ ~. G .  
3 3 -3.57839996E-03 -0. 2.7879S999E-02 
9  5 2.55369997E-02 -0. 2.51799998E-02 
6. 0. 5.745-:39932-01 
5 8 -  O L "  " ." 0. 7.14SSS992E-01 
9 9 ~.ooooooooE-o-o--- 1 . 2 3 5 5 9 9 9 ~ ~ - ~ 1  1.535CUJOGE 32 
9 10  -2.1 *-3&2399-98 E--0-2 .. -0 . -6.48949999E 00 
3 11 0. 0. c. 
9 1 3  - 0- .. . 0. 0. 
~~ 
- 3 .=P 07-9 9-9-93-E~O 1- 
- 
6 8 -0. ~ ~ . - "0" 1.37909999E co- 
3.9479S995E-CZ 
. . .. 
-5.99799997E-02 
8 
6 7 0. UI. 1.26509999E GO 
- 8  8 1. ooooco.0o.E.,,oo " a.78259993~-02 7.87079984E 01 
~ ~-~~~ ~ ~~ 
9 
9 0. 
9 
4 -___.. 1- 047099.99&.-02 -0 . 
6 ~ - - . ~- 0. 4.51ZSS994E-Gl . 
-4.2019999@E-G2 
7 
1 33 
" ~~ 
~~ 
~- " bhtrix Elements (Concluded) - " 
L I F T  3FF 
13 1 0. -3.21539998E-01 0. 
1 0  6 -3.33969998E-02 - 0 .  -1.37099999E-01 
1 c  7 -3.37449998E-01 -0. -1.74599999E-01 
10 8 "" -3.41499999E-0-1 ~ "" -G. 
1 0  9 -3.44989994E-01 -0 . -2.525999S9E-011 -2.171999S9E-01 
pLo-l " 3 - 1. OOOOOOOOE cs  i-. 8839999SE 00 2.61899999-E C 3  
10 11 0. L' . -2.61509997E G3 r\ 
10 13 0. 6 .  C. 
11 1 0. 0 .  0 .  
7 1 1  L 3.  3 .  c. 
i l  3 0. 0 .  C. 
- 
l i  f- 0 .  0. 
? I  5 0. 0. 0 .  
" 4 J "  
1: 6 0.  G .  0. 
i l  7 0. 0. 0. 
11 9 0. 0. 0 .  
11 io 3 .  -1.02089998E 0 1  -6.67469990E 02 
11 11 0. 6.720399922 0 1  1.4675COOOE 03 
11 13 0. 0. 8.00000000E 02 
FLIGH!I' CONDITION: LIFT-OFF 
DENOMINATOR 
Coefficient of s 2o = 46.510 
Coefficient of s3 = 3.5209 X 10' 
REAL ROOTS 
(sec" ) 
P O S I T I V E  I N  LEE'* 
0 
0 
0 
14 4 6 3  
Number of roots = 20 
COMPLEX ROOTS 
2.221 1 
* Left-half-plane 
7 35 
FLIGHT CONDITION: LIFT-OFF’ 
i/& NUMERATOR 
Coefficient of s18 = I .7354 x I 04 
Coefficient of so = -1 .3209 x 10’5 
.$PC High frequency asymptote = 373.1 2/s2  
$f3, L m  frequency  asymptote = -3.751 6/s3 
Number of roots  = 18 
REAL ROOTS COMPIXX ROOTS 
(sec” ) 
POSITIVE IN LHP w (rad/sec) c 
1 
4.86891 1 *9135 0.0043063 
0.86927 2.1 545 0.0060275 
0.0039449 2.1 345 
0.0060881 2.6364 
0 9 0053279 5.2443 
0.0050645 8.8709 
0.00501 22 12.546 
-0.58985 x 10  4 24.045 
FLIGHT CONDITION: LIFT-OF'F 
d B c  IRJMI3RATOR 
Coefficient of s17 = -958.57 
Coefficient of s1 = -1 .0773 x 1014 
rp/BC High frequency  asymptote = -20.61 o/s3 
'p/Bc LOW frequency asymptote = -0.w597/s2 
Number of roots = 17 
.. 
5 
~ ~ 
0.02761 o 
-0.01 7962 
~~ 
0.00501 35 
0.0052765 
0.0049786 
0 - 0052999 
0.0051 853 
0 25776 x I o -4 
LU (rad/sec) 
2.1 395 
2.1403 
2.1410 
2.41 73 
5.1  687 
9.2745 
12.705 
23.224 
ill 
FLIG€IT CONDITION: LIFT-OFF 
71 / P C  J!JUmRATOR 
Coefficient of s'7 = 3.7896 x 10 4 
Coeff ic ient  of s 3  = 7.5694 x 1 0  14 
q1 /PC High frequency asymptote = 81 4.79/s3 
q1 /PC Low frequency asymptote = 2.1 498 
Number of roo t s  = 17 
REAL ROOTS 
POSITIVE IN LHF 
COMPLEX ROOTS 
0.0076531 
0.00231 85 
o .0052639 
0.0050070 
O.OO> 3264 
0.0052096 
0.23340 x 10 -4 
2.1 355 
2.1 356 
9.241 3 
12.722 
22.924 
FLIGHT CONDITION: LIFT-OFF 
v2/Bc =RATOR 
Coefficient of s17 = 4.5444 x 1 o 4 
Coefficient of s3 = I .5753 x 1014 
v2/pC High frequency asymptote = 977.08/s3 
v2/pC Low frequency asymptote = 0.44741 
Number of roots = 17 
COMPLEX ROOTS 
0.0050077 
o (rad/sec) 
~ ~- 
1.9928 
2.1 381 
2.2202 
2.4274 
9.0433 
12.581 
22 9 535 
FLIGHT CONDITION: LIFT-OFF 
7-13/Pc IvLJImRATOR 
Coefficient of s1 7 = 4.6838 x I 0 
Coefficient of s3 = 5.21 03 x 10’ 3 
q3/f3, High frequency  asymptote = 1007.1 /s3 
v5/pc Low frequency  asymptote = 0.1 4798 
Number of roots  = 17 
4 
REAL ROOTS 1 COMPLFX ROOTS 
(sec” ) +
0 0.0049945 
0 0.0051 954 
0.0060444 
0.0050948 
0.0050254 
(o (rad/sec) 
” 
2.1 357 
2.21 04 
~~ 
2.6263 
12.391 
22.129 
FLIGHT CONDITION: LIFT-OFF 
r14/Bc -TOR 
Coefficient of s1 7 = 2.0845 x 1 o 4 
Coefficient of s = 1.1915 X 1013 
n4/& High frequency  asymptote = 448.18/s3 
74/Bc Low frequency  asymptote = 0.033841 
Number of roots  = 1 7 
REAL ROOTS 
(sec"' ) 
POSITIVE I N  LHP 
0 
0 
0 
6 
COMPUX ROOTS 
5 
0.0043996 
0.004971 5 
0.0051 823 
0.0061 734 
0.0052640 
0. oogo~ 92 
LU (rad/sec) 
1 -9055 
~~ 
2.21 00 
2.6583 
5.2029 
8.8305 
21.807 
MAXIMUM DYNAMIC PRESSURE 
ROHl 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
5 
5 
5 
5 
5 
5 
COL 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
13 
1 
2 
Y 
4 
5 
6 
7 
0 
9 
10 
11 
13 
1 
2 
3 
4 
5 
6 
7 
8 
9 
1 3  
11 
13 
1 
2 
3 
4 
5 
6 
7 
d 
9 
11 
- 3  
13 
1 
2 
3 
4 
5 
6 
S2 
0. 
4.36459994E-02 
h.9155YYY4E-02 
4.19959996E-02 
n .  
U .  
-3.10399997E 01 
1.00000000E 00  
0 .  
6.54759991E-01 
5.31549996E-01 
4.22069997E-01 
3.29539999E-01 
0 .  
0. 
U .  
0 ,  
0. 
U. 
2.01499996E 01 
0. 
MATHIX ELEMENTS 
COEFFICIENTS 
S'  
1.OOO~DOOOE 00 
1.26539999E-01 
- 0 .  
- 0 .  
-0. 
7.84719986E-03 
1.73559998E-03 
R.33829987E-03 
-5.40429997E-03 
-0. 
0. 
3.04289997E-02 
0 .  
'0 .  
- 0 .  
4.23849994E-0.4 
-4.94099993E-04 
1,61079998EW04 
-9.64559984E-Q4 
-0. 
0. 
0. 
1.00000000E 00 
- 0 .  
2.76459998E-02 
0. 
0. 
-0. 
- 0 .  
-0. 
- 0 .  
0. 
i . ~ O o o ~ ~ ~ ~ E  f lo  
0. 
-0. 
2.76459998E-02 
0. 
0,  
-0. 
-0. 
-0. 
'0 
0, 
0, 
0. 
1.00000000€ 00 
- 0 .  
0. 
0, 
-0 * 
- 0 .  
n .  
2,a2739997~-02 
SO 
1.06259999E-02 
-2.65389097E 01 
-0. 
-0. 
-0. 
6.70569992E-01 
1.15189999E 00  
-l.O936999&E 0 1  
1.20230000~ n o  
~ . ~ ~ I S O O O O E  n o  
0. 
0. 
1.34069997E-04 
-6.96259995E-02 
-9.72109997~-04 
-1.54030000E-03 
-9.35349989E-04 
-2.81649998E-02 
-5.52199996E-02 
3.23899996E-02 
4.48389995,~-01 
0. 
0. 
-0. 
-2.10209996E 01 
7.6429999SE D O  
0. 
0. 
7.64699996E-01 
1.07699999E 00 
i.38399999E 0 0 
0. 
0 .  
0, 
-0. 
e2.10209996E 01 
7.64299995E 00 
0. 
0. 
5.3919999oE-01 
1.31999999~-02 
-7.77399993E-01 
0. 
0, 
0. 
-0. 
-2.10209996E 01 
0. 
0, 
7.9941999YE 00  
2.13599998E-01 
-9.16009986E-03 
1.66ooooo0~ n o  
6.71999997~-01 
1 42 
M A X I "  DYNAMIC PFZSSURE 
ROW 
5 
5 
5 
5 
5 
5 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
6 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
7 
8 
8 
6 
8 
R 
8 
8 
8 
8 
8 
8 
8 
9 
9 
9 
9 
' 9  
9 
9 
9 
9 
9 
9 
9 
COL 
7 
d 
9 
10 
11 
13 
1 
2 
5 
4 
5 
6 
7 
8 
9 
10 
11 
13 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
1 3  
1 
2 
3 
4 
5 
6 
7 
9 
10 
11 
1 3  
1 
2 
3 
4 
5 
6 
7 
8 
9 
11 
13 
a 
:c 
S2 
-3 ,02619997E-01 
5 .65139991E-01 
1.20420000E 0 0  
0. 
0. 
0. 
0. 
4,45279992E-02 
0. 
-8 .49819994E-03 
-5.30759996E-02 
1 ~ 0 0 0 0 0 0 O O E  00 
0. 
0, 
n. 
-2 .70689997E-02 
0. 
0. 
0 .  
0 .  
5 . 3 3 6 i 9 9 9 4 E - 0 2  
-6 .08909994E-02 
-2.92309999E-02 
1 . 0 0 0 0 G O O O E  G O  
0 .  
0 .  
0 .  
0 .  
0 .  
0. 
0 .  
4 .99519998E-02 
-1 .03989999E-01 
6.43579996E-02 
0 .  
0 .  
1 . 0 0 0 0 0 0 0 0 E  0 0  
0 ,  
-4.S2469YY7E-02 
0. 
0. 
0. 
0. 
6.76379997E-03 
-1.96419998E-02 
2.37819999E-02 
0. 
0, 
0, 
1 ~ 0 0 0 0 0 0 0 0 E  0 0  
0. 
0. 
-4 .24809994E-02 
-6 .44349980Ec03 
MATRIX E U " S  
C O E F F I ~ I E N T S  
S 
-0 1 
-0. 
-0 * 
0. 
O *  
O *  
6,2331OOOOE-01 
0. 
-0. 
-0. 
-0. 
7.66039991E-02 
-2.45349997E-02 
2.25299999E-02 
-4.09809995E-02 
-0. 
6 .  
0 .  
-1 .07259999E 0 0  
- 0 .  
- 0 .  
- 0 .  
-3 .621799955-02 
1 .00950000E-01 
-1 .69039999E-02 
6.76799989E-02 
-0 * 
0.  
4 .12249994E-01 
0. 
- 0 .  
- 0 .  
-G. 
3.92099994E-02 
-1.9927'9998E-02 
1 .30589999E-01 
-7.11789995E-02 
-0. 
0. 
0, 
0. 
-4 .28109998E-01 
- 0 .  
- 0 .  
-0. 
-1.23689999E-02 
1.38379999E-02 
-1.23449999E-02 
1 ,69779998E-01 
-0 
0. 
0 .  
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n .  
n. 
MAXIMUM DYNAMIC P€XESSuRE: 
ROW COL 
S2 
10 1 
10 
0. 
2 1 . 3 4 3 0 9 Y Y ~ E  01 
1 0  3 0 .  
io 4 0 .  
10 5 0 .  
1 0  h -3 .34299996E-01 
1 0  7 -3 .38659996E-01  
10 8 -3 .42409998E-01  
1 0  9 -3 ,45489997E-01  
1 0  10 1 , 0 0 0 0 0 0 0 0 E  0 0  
10 11 
5 0  13 
0. 
0. 
'1 1 0 .  
" 2 '0 . 
il 3 0 .  
11 4 0. 
11 5 0 .  
11 6 0 .  
11 7 0 .  
11 8 0 .  
" 9 0, 
11 10 0. 
"1 11 0. 
L i  13 0 .  
- .? 
., -. 
MATRIX ELEMEZTTS 
s' 
-3 .21539998E-01 
- 0 .  
0 .  
0 .  
0. 
-0. 
- 0 .  
- 0 .  
- 0 .  
1 . 8 8 3 9 9 9 9 9 ~  0 0  
0, 
0 .  
0. 
0. 
0 .  
O ?  
0. I). 
0 .  
0. 
0 ,  
-1.02089998E 01 
6.72039992E 0 1  
0 .  
COEFFICIENTS 
SO 
-0. 
6.75909996E 0 0  
0.  
0 .  
0; 
-2 .41199997E-Q1 
-3 .21999997E-01  
-3.RY199996E-01 
2 .62179996E 03 
-2.61509997E 03 
0. 
0 .  
0.  
0 .  
0. 
0. 
0 .  
0 .  
0. 
0, 
-6.h746999dE 02 
1.46750000E 03  
8 . 0 0 0 0 0 0 0 0 E  02 
- 4 . 4 2 2 9 9 9 9 a ~ - o i  
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FLIGHT CONDITION: MAX Q 
DENOMINATOR 
Number of roots = 20 
COMPLFX ROOTS 
5 (o (rad/sec) 
0.01 4084 2.2338 
0.0049756 2.7504 
0.0057068 3.0477 
0.0087034 3-1 31 3 
0.0083847 6.0224 
0.0071  205 9.9440 
0.0063856 12.894 
.~ 
0.098643 47.526 
1 45 
FLIGHT CONDITION: MAX Q 
i/Bc NUMERATOR 
Coefficient  of SI 8 = 2 A024 x 1 o4 
Coefficient  of so = -2.4500 x 1Ol6 
$PC High  frequency  asymptote = 676.62/~2 
?/PC Low frequency  asymptote = -2407.9 
T 
Number of roots  = 18 
COMPIXX ROOTS 
f 
0.01 4463 
0.0052282 
0.0049970 
0.008091 4 
0.0087558 
0.00661  86 
0.0067059 
-0.0001 4872 
146 
w (rad/sec) 
2.071 8 
2.7227 
2.7670 
3.1 154 
5 - 9292 
9 9 7527 
12.726 
25.328 
FLIGHT CONDITION: MAX Q 
d B C  NUMERATOR 
CoefficLent  of s17 = -1 034.1 
Coefficient of so = -1 .1924 x 1 O1 3 
'p/& High frequency  asymptote = -29.688/s3 
q/pC LOW frequency  asymptote = -1 .I  71 9 
Number of roots  = 17 
COMPIBX ROOTS 
w (rad/sec) 
2.1424 
2.7504 
2.7636 
3.0809 
5 7827 
9.7948 
12.983 
24.635 
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FLIGHT CONDITION: MAX Q 
'11 /PC N"E3ATOR 
Coefficient of SI 7 = 3.8546 x 1 O4 
Coefficient of so = 6.5067 x 10'3 
7, /PC High  frequency  asymptote = 1085.6/s3 
v1 /PC Low frequency  asymptote = 6.3948 
Number of roots  = 17 
I 
- 
REAL ROOTS COMPUX ROOTS 
(sec" I"---- 
POSITIVE IN LHP c 
-0.041 1 1  9 0.0087036 
-0.471 42 0.001 4088 
0.56825 0.0056331 
0.01 1804 
0.0063531 
w (rad/sec) 
3.0652 
5 3933 
9.8491 
12.91 1 
24.200 
1 48 
FLIGHT CONDITION: MAX Q 
11*/Bc -TOR 
Coefficient of s17 = 5.7803 x 1 o 4 
Coefficient of so = 3.9497 x 1 012 
q2/& High frequency asymptote = 1628.0/s3 
72/pC m w  frequency asymptote = 0.3881 8 
Number of  roots = 17 
COMF'LFX ROCYTS 
r, 
0.02581 4 
0.0050075 
0.0075405 
0.0049662 
0.0086865 
w (rad/sec) 
2.7678 
2.961 1 
3 0554 
9.41 50 
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FLIGHT CONDITION: MAX Q 
v3/& NUMERATOR 
Coefficient of s l 7  = 6.8743 x 1 O4 
Coefficient of so = 6.6955 x 1 o1 
v3/Bc High frequency  asymptote = 1 936.1 /s3 
73/BC Low frequency  asymptote = 0.65803 
Number of roots = 17 
REAL ROOTS 
(set-l ) 
I-==== POSITIVE IN LHP 
4.040980 
I= -0.48967 
L 0.57284 
COMPLEX  ROOTS 
5 
0.01 1872 
0.00501  89 
0.0051 527 
0.0069228 
0.01 0667 
0.0072286 
0.55631 x 1 o -4 
cu (rad/sec) 
~~ 
2.0962 
2 7659 
3- 05 31 
3.1 960 
5.3624 
1 2.526 
23 352 
FLIGHT CONDITION: MAX Q 
'14/PC -TOR 
Coefficient of sl7 = 1 . I  884 x 1 O4 
Coefficient of so = -2.8081 x 1 O1 
q4/& High frequency  asymptote = 334.70/s3 
q4/& Low frequency  asymptote = 4.027298 
REAL ROOTS 
(sec" 
POSITIVE IN LHP 
-0.04021 7 
Number of  roots = 17 
COMPLEX ROOTS 
0.01 1209 
0.01  2640 
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MATRIX ELEMENTS 
BURN OUT 
ROW COL COEFFICIENTS 
1 1 
1 2 
1 3 
1 4 
1 S 
1 6 
1 7 
1 8 
1 9 
1 10 
1 11 
1 13 
2 1 
2 2 
2 3 
2  4 
2  5 
2  6 
2  7 
2 8 
2  9 
2 1 0  
2 11 
2 13 
3 1 
3 2 
3 3 
3  4 
3  5 
3  6 
3 7 
3 8 
3  9 
3 10 
3 11 
3 13 
4 1 
4 2 
4 3 
4 4 
4  5 
4  6 
4  7 
4 8 
4  9 
4 10 
4 11 
4 13 
5 
5 2 
5 3 
5  4 
5 5 
5 6 
1 - 
S2 
0 .  
0. 
2.90399998E-03 
6.63199997E-03 
9.59799993E-02 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
1 . 0 0 0 0 0 0 ~ 0 E  0 0  
-2.27899995E-04 
-3.61799997E-04 
-7,23099995E-04 
-3.81889999E-02 
0. 
0. 
0. 
3.33269998E-03 
0. 
0. 
0. 
-6.09599990E 01 
1.00000000E 00 
0. 
0. 
8.80179989E-01 
8.20299995E-01 
7.08199990E-01 
3.68299997E-01 
0. 
0. 
0. 
0 .  
0. 
1 ~ 0 0 0 0 0 0 ~ 0 E  00
4,91729993~-lll 
0. 
2.48040OoOE-01 
-1.91019998E-01 
-1.36250000E 00  
-4.23599994E 01 
0. 
0, 
0. 
0. 
-5.84999996E 00 
o *  
0. 
1.00000000E 00 
91.52579997E-01 
S'  
1.00000000E 00 
-3,98799998E-04 
-0. 
'0. 
0. 
0. 
0. 
0. 
-0 
0 8  
0. 
0. 
-0 . 
-0 
-0 * 
-0. 
0. 
0. 
0. 
O *  
- 0  . 
-n. 
n. 
0. 
1 . 0 0 0 0 0 0 0 0 E  0 0  
-0. 
3.58139998E-02 
0. 
0. 
-0. 
-0. 
-0. 
-0. 
0. 
0. 
0. 
1.00000000E 00 
-0 * 
0. 
3.7.6989999~~02 
0. 
-0. 
-0 * 
-0 
'0 
0. 
0. 
0. 
1 ~ 0 0 0 0 0 0 0 O E  00 
-0. 
0. 
4.71239996E-02 
0. 
-0. 
SO 
8.235999R2E-05 
-4.13099992E 01 
-0. 
-0. 
-n .  
8.63099992~-01 
1.29200000E 00 
2.09299999E 00 
4.52599996~ n o  
~2.05579996E 01 
0. 
0. 
1.293~999&~-n3 
-5.13399994E-07 
-j,.53699Y99Ec04 
-3.50999996E-04 
-5.07999992E-03 
-2.11599997E-02 
-1.26699999E-01 
-3.35199997E-01 
1.71370000E 00 
0. 
0. 
-0. 
-4.10999995E 01 
1.28259999E 01 
0. 
0. 
8.66399992E-01 
2.13799998E 00  
4.66399997E 00 
0. 
0. 
-4.10999995E 01 
-0. 
0. 
1.42119998E 01 
0. 
8,35199988E-01 
1,14500000E 00 
1.61199999E 0 0  
2.16399997E 0 0  
0. 
0. 
0. 
-0. 
-4.10999995E 01 
0. 
0. 
2.22069997E 01 
5.22799999E-01 
-5.79299992~-02 
1.3080oon0~ 00 
n. 
ROW L ' O L  
5 7 
5 d 
5 9 
5 10 
5 11 
5 1s 
6 1 
6 2 
6 3 
6 4 
6 5 
6 6 
6 7 
6 8 
6 9 
6 10 
6 11 
6 1 3  
7 1 
7 2 
7 3 
7 4 
7 5 
7 6 
7 7 
7 8 
7 9 
7 1 0  
7 li 
7 13 
8 1 
8 2 
8 3 
8 4 
8 5 
8 6 
8 7 
8 8 
8 9 
R 10 
8 11 
6 13 
9 1 
9 2 
9 3 
9 4 
9 5 
9 6 
9 7 
9 8 
9 9 
9 1 0  
9 11 
9 13 
S* 
-2 .95999995E-01 
- 3 . 0 4 5 8 9 9 9 6 E - 0 1  
1 .27239998E-01 
0. 
0. I). 
0. 
1.66499998E-02 
n .  
2 .12499997E-02 
-9.54139996E-02 
1 * 0 0 0 0 0 0 0 0 E  0 0  
0. 
0. 
0. 
-2 .54639998E-01 
U .  
0. 
9.53999996E-03 
0. 
4.58699995E-03 
-1 .13769999E-01 
0. 
1.00000000E 0 0  
0. 
0 .  
0. 
0. 
0 .  
0. 
1,40799999E-03 
-8.67699993E-04 
0 .  
-1 .58359998E-01 
- 2 . 0 0 2 2 9 9 9 9 ~ - 0 2  
0. 
1 . 0 0 0 0 0 0 ~ 0 E  0 0  
0 .  
-2 .76779997E-02 
0 .  
0. 
0. 
0. 
0. 
6.12199992E-04 
-5.17299998E-03 
6.99149996E-03 
0. 
0. 
1 . 0 0 0 0 0 0 ~ 0 E  o c  
~ 2 . 4 6 8 7 9 9 9 8 E - 0 2  
0 .  
0 .  
0. 
C O E F F I C I E N T S  
S'  
-n .  
- 0 .  
-0. 
0. 
0. 
0. 
0 .  
-0. 
- 0 .  
2 .91499996E-02 
0 .  
0 .  
- 0 .  
0. 
0. 
0. 
-0. 
0. 
6.59199995E-02 
0 .  
0 .  
0 .  I). 
0. 
0. 
-0. 
-0. 
-0. 
0. 
0 .  
1 .17109999E-01 
0. 
0. 
0. 
0 .  
0. 
-0. 
-0. 
- 0 .  
0. 
0 .  
0. 
2 .4861999SE-01 
-0. 
Q. 
0 .  
n. 
- 0 .  
n. 
0. 
-0. 
- 0 .  
- 0 .  
- 0 .  
U. 
0 .  
0 .  
4.25299996E-0.3 
7.31999Y93E-03 
-1 .85699999E-01 
5 .34219992E-01 
7 .99549997E-01 
2.80129999E 00 
0. 
0 .  
0.  
0. 
7 . 7 5 2 9 9 9 9 0 ~ - 0 3  
8 . 2 1 3 ~ 9 9 a 7 ~ - 0 3  
-3 .751299986 '01  
~ . R B o ~ ~ ~ ~ B E - ~ I I  
1 . 3 8 4 4 9 9 9 a ~  02 
- 1 . 2 7 2 3 9 9 9 9 ~  01 
3 . 9 2 9 0 9 9 9 6 E - Q l  
9 .52899992E-01 
6.20179993E 02 
0. 
3 .  
-9 .35819995E 0 0  
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R O N  COL 
10 1 
10 2 
10 3 
10 4 
10 5 
10 6 
10 7 
10 9 
10 10 
10 21 
10 13 
11 d. 
11 2 
I n  8 
il 3 
11 4 
S2 
2.17909998E 01 
0. 
0. 
0. 
0. 
-5.29069996E-01 
-3.32929999E-01 
-3.40239996E-01 
-3.63089997E-Oi 
1 . 0 0 0 0 0 0 0 0 E  0 0  
0. 
0. 
0. 
0. 
0. 
0, 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
0. 
C O E F F I C I E N T S  
-3.21539998E-01 
-0. 
0. 
-0. 
-0. -il. 
S' 
n. 
n .  
- 0 .  
1.80399999E 00 
0. 
0. 
0 .  
0. 
0. 
0. 
0. 
0. 
0. 
0. 
-1.02089998E 01 
6.72039992E 01 
0. 
n. 
U. 
0. 
-2.7749993bE-01 
-4.15299594~-n1 
-6.7299999bE-01 
-1.45519999E 00  
2.6282999bE 03 
-2.61509997E 03 
0. 
0. 
0. 
0 .  
0 .  
0. 
0. 
0. 
0. 
-6.h7469YPOE 02 
1.4675000GE 03 
8.00000000E 02 
FLIGHT CONDITION: BURNOW 
DENOMINATOR 
Coefficient of s20 = 38.752 
Coefficient of so = -1.081 7 x lo1 3 
T 
Number  of roots = 20 
COMPLEX ROOTS 
w (rad/sec) 
0.040733 
3.4091 
3.6800 
4.0265 
~~ 
4.9510 
7.41  85 
11  .858 
24.991 
52.504 
1 55 
FLIGHT  CONDITION: BURNOUT 
?/PC NUMERATOR 
Coefficient  of sl8 = 6.2570 x 104 
Coefficient  of so = -2.8261 x 1 O1 9 
i /pC High frequency asymptote = 1 61 4.6/s2 
i /pc  Low frequency asymptote = 2.61 26 x 106 
REAL ROOTS 
(sec"' 
POSITrVE IN LE? 
-2.1262 
2.1282 
> 
Number of  roots = 18 
COMPLEX ROOTS 
5 
0.0041 41 0 
0.0049869 
~ ~~~ 
0.00493~0 
0.004851 1 
0.0061  474 
o .ooy 887 
-0.001 7662 
0.0068535 
156 
FLIGHT CONDITION: BURNOUT 
d B c  NuMJZmTOR 
Coefficient of SI 7 = 3805.3  
Coefficient of so = 3. $01 x I 01 3 
Cp/& High frequency  asymptote = -149.81 / s 3  
'p/& Low frequency  asymptote = 4.9368 
Number of roots  = 17 
- 
COMPLEX ROOTS 
~~ ~~ .~ . 
c o (rad/sec) 
~~ ~ ~. ~ ~ ~ 
~~ ~~ 
0.0040671 3.4742 
0.0051  065 3 5672 
0.0050046 3 - 7503 
0.0050636 4.91  79 
0.0053231 7.1027 
0.0050488 11.796 
-0.86895 x 1 O4 22.709 
~~ 
0.0051 I 97 24.964 
157 
I 
FLIGHT  CONDITION:  BURNOUT 
VJBc NUMERATOR 
Coefficient  of s17 = 4.4892 x 1 03 
Coefficient  of so = -8.4765 x 1 O1 
v1 /PC High frequency asymptote = 1 1  584/s3 
vl/Pc Low frequency asymptote = 7.8363 
Number of roots = 17 
I REAL ROOTS I COMPLEX ROOTS 
o.0050012 
0.0050138 
0.0051 851 
0.0052222 
0.0050273 
-0.54560 x IO -4 
0.0030836 
(u (md/sec) 
0.038639 
3 - 5833 
3.781 4 
4.991 6 
6.71 56 
11 .741 
22.436 
24.992 
I -  
Number of roots = 17 
COMPLEX ROOTS 
c 
.~ 
0.1 7857 
0.0050047 
0.0050076 
0.0050946 
0*0053173 
0.00~0088 
~~ - 
-0.37078 x 1 
- 
0.00~0696 
- 
(I) (rad/sec) 
0.040066 
2.9126 
3 - 5887 
3.81 45 
5.0364 
11.718 
22.106 
24.996 
FLIGHT CONDITION: BURNOUT 
1 
Number of roo ts  = 17 
COMPLEX ROOTS 
5 
0.1 661 6 
0.0049589 
0.0050092 
0.0052536 
0.005361 6 
0.004951 3 
-0.25339 x 10 -4 
0.0050674 
I 60 
LU (rad/sec) 
~~ ~ . . ~ ~ .  . . . 
0.04381 0 
~ . "  . 
2.8661 
3 5957 
3.881 6 
5.01 42 
6.6243 
21.489 
24.961 
FLIGHT CONDITION : BURNOUT 
714/Bc NUMERATOR 
Coefficient of sl7 = 3.7304 x 10 4 
Coefficient of so = -I .4447 x 1 01 1 
q4/pc High frequency asymptote = 967.80/~3 
q4/pc LQW frequency asymptote = 0.01 3356 
Number of roots = 17 
-0.01 4833 
COMPLEX ROOTS 
LD (rad/sec) 
0.050856 
2.7244 
3.6062 
4.0972 
4.7805 
7.2448 
11.785 
19.283 
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